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Figure 2
Figure 2 shows a sketch of the cufvavith equation y =() where
fx)=4x i)' x°

D 6 KRW K Dv= g2 + x )e’”
3)

(b) Hence find, in simplest form, the exacordinates of the stationary points of C.

(3
The function g and the functidnare defined by

J ) = 2f(x) X °
Kg=2f(x i X

(c) Find (i) the range of g

(i) the range of h
(3)
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Question Scheme Marks AOs
9() f(x)=4(x*-2)e™
. . _2x 2 -2x M1 1.1b
Differentiates to e ><8x+4(x —2)><—29 Al 11b
f/(x) =8 {x—(x*-2)} =8(2+x—x*Je™ = AL* 2.1
®)
(b) States roots of f'(x)=0 Xx=-12 B1 1.1b
Substitutes one x value to find a y value M1 1.1b
Stationary points are (—l, —4e2) and (2,8e‘4) Al 1.1b
@)
©) (i) Range [—862 , oo)o.e. such as g(x) > _ge’ B1ft 2.5
(if) For
e  Either attempting to find 2f (0)-3=2x-8-3=(-19) and
identifying this as the lower bound M1 3.1a
e Orattempting to find 2x"8e™ "—3 and identifying this as
the upper bound
Range [ -19,16e* 3] Al 1.1b
®)
(9 marks)
Notes:
(@)
M1: Attempts the product rule and uses e — ke, k=0
If candidate states u=4(x*—2),v=¢  with u'=...,v'=..e it can be implied by their vu'+uv"

If they just write down an answer without working award for f'(x) = pxe ** +q(x* —2)e ™™

They may multiply out first f(x) = 4x’e** —8e™>*. Apply in the same way condoning slips

Vu —-uv

V2

x? -2
Alternatively attempts the quotient rule on f(x) = L % with v'=ke?*and f'(x) =
v e

Al: A correct f'(x) which may be unsimplified.

8xe? —8(x2 - 2)e2X

Via the quotient rule you can award for f'(x) = 0.e.

4x

e
Al1*: Proceeds correctly to given answer showing all necessary steps.
d . i
The f'(x) or d_i must be present at some point in the solution

This is a "show that" question and there must not be any errors. All bracketing must be correct.
Allow a candidate to move from the simplified unfactorised answer of f’(x) = 8xe ** —8(x2 — Z)e‘2x



to the given answer in one step.

Do not allow it from an unsimplified f'(x) = 4x2xe** + 4(x2 - 2)><—2e‘2X

Allow the expression / bracketed expression to be written in a different order.
So, for example, 8(x—x* +2)e™*is OK

(b)
B1: States or implies x =—-1,2 (as the roots of f'(x) =0)

M1: Substitutes one x value of their solution to f'(x) =0 in f(x) to find a 'y value.

Allow decimals here (3sf). FYI,to3sf, —4e*’=—29.6and 8e™* =0.147

Some candidates just write down the x coordinates but then go on in part (c) to find the ranges using the y
coordinates. Allow this mark to be scored from work in part (c)

Al: Obtains (-1,-4e”) and (2,8e™*)as the stationary points. This must be scored in (b). Remember to isw

after a correct answer. Allow these to be written separately. E.g. x =-1, y = —4e°
Extra solutions, e.g. from x =0 will be penalised on this mark.

(©)()

B1ft: For a correct range written using correct notation.
Follow through on 2 Xtheir minimum "y" value from part (b), providing it is negative.
Condone a decimal answer if this is consistent with their answer in (b) to 3sf or better.

Examples of correct responses are [—8e2,oo), g>—892, y >-8¢? ,{q eR,q 2—8e2}

(c)(ii)

M1: See main scheme. Follow through on 2x their "8e™ "—3 for the upper bound.

Al: Range [—19, 16e™ —3] 0.e.suchas —19< y < 16e™ —3but must be exact
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15. The curve C has equation

T

X tany=9 O<y<2

(a) Show that

dy  —18x

dx x*+81
C))
(b) Prove that C has a point of inflection at x = 27
(&)
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Question Scheme Marks AOs
15
@) x*tany =9 = 2xtan y + x’ sec? yj—izo Xi i’ig
Full method to get dy in terms of X using
dx M1 1.1b
sec’y=1+tan’y =1+f(X)
9
—2XX —
d 2 —18x
2 <= ™ Al* | 21
dx o ( 81) x* +81
X 1+—
X
4)
(b) dy  -18x
dx x*+81
d2y —18x(x*+81)—(-18x)(4x’) 54(x'-27)
= = 0.€e. M1 b
dx? 4 2 4 2 1.1
(x* +81) (x* +81) Al 1.1b
s d*y
States that when x < 4/27 = o <0
X
when x =427 = dy _ 0
dx? Al 2.4
s d*y
AND when x > /27 =570
X
giving a point of inflection when x = /27
3)
(7 marks)
Notes:

(@)
M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec’ yj—y or cot y — —cosec’ yg—y
X X
9 2, dy
You may well see an attempt tany = Z = sec y& =...
1 1 _3
When a candidate writes x®tany =9=> x =3tan 2y the mark is scored for tan 2y —...tan 2 ysec’y
Al: Correct differentiation 2xtan y + x* sec yj—y =0
X
Allow also sec? yd—y = —g or 2x=-9cosec’ yd—y amongst others
dx X dx
dy

M1: Full method to get d—in terms of x using sec’ y =1+tan®y =1+f(x)
X

Al1*: Proceeds correctly to the given answer of ay = _418)(
dx x"+81




(b)
M1: Attempts to differentiate the given expression using the product or quotient rule.

v
For example look for a correct attempt at ! >
v

J_rl8><(x4 +8l)i18x(ax3)
(x* +81)

With U=—-18x,v=x*+8LUu'=+18 V'= .. X

If no method is seen or implied award for

-2
Using the product rule award for i18(x4 +81) J_r18x(x4 +81) xCX

54(x* — 27 2 i
dy _ ( )oesuchasdy:54x 1458

Al: Correct simplified — 2 2
dx (x +81) dx (x4+81)

2
Alternatively score for showing that when a correct (unsimplified) j—g =0=x'=27=x =427
X

d’y

Or for substituting x =27 into an unsimplified but correct —- o and showing that it is 0
X

Al: Correct explanation with a minimal conclusion and correct second derivative.
See scheme.

It can be also be argued from x* <27, x* =27and x* > 27 provided the conclusion states that the
point of inflection is at x =</27

2
Alternatively substitutes values of x either side of ¥/27 and at /27, into g—g finds all three values and
X

makes a minimal conclusion.
3 3

dy dy

A different method involves finding Ve and showing that Ve #0 and 3 y =0when x =427
X X X

3
ryr &Y _ 23828K 009 when x= 427

dx* (x* +81)
Alternative part (a) using arctan
M1: Sets y = arctani2 - g—i = %x where ... could be 1
X 1+[92J
X
A2: y= arctani—>d—y—;x—E

dx 2 XS
1+(ng
X

A Oy _ 118 -18x

= Xx——— = showing correct intermediate step and no errors.
dx N 81 8 X2 )(4 +1 g P
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13. The function g is defined by

3In(x) — 7

g(x)= In(x) — 2 x>0 x=#k

where k is a constant.

(a) Deduce the value of .

(b) Prove that
g'(x)>0

for all values of x in the domain of g.

(c) Find the range of values of a for which

g(a)>0

0y

(&)

2
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Question Scheme Marks AOs
13(a) k=¢&*> or x#¢é’ Bl 2.2a
)
b
®) (lnx—2)><é—(3lnx—7)><l
4 X X 1
g(x)= 3 = 3
(lnx—2) x(lnx—2)
or
, d L Lo 1 M1 1.1b
g(x):—(3—(ln(x)—2) ):(lnx—2) X—=— Al 21
dx x x(lnx-2)
or
, 13 2 1 1
g(x)=(Inx-2) x==(3lnx-7)(Inx-2) "x—=——
X X x(lnx—2)
As x>0 (or 1/x>0) AND In x — 2 is squared so g'(x) > 0 Alcso 2.4
3
(c) Attempts to solve either 3lInx—7 ...0orlnx—-2... 0
or3lna—7...0orlna—2 ... 0 where ... is “=" or “>" to reach M 31
a value for x or a but may be seen as an inequality '
egx>...ora>...
7
O<a<e’, a>e’ Al 2.2
2)
(6 marks)
Notes:
(a)
B1: Deduces k=¢*> or x#¢> Condone k=awrt 7.39 or x # awrt 7.39
(b)
M1: Attempts to differentiate via the quotient rule and with Inx — 1 so allow for:
X
(lnx—2)xg—(3lnx—7)xﬁ
d X X
—(g(0)= 3 , f>0
dr (Inx-2)
vu' —uy'
But a correct rule may be implied by their u, v, u', v' followed by applying etc.

2
v

3In ()C ) -7 -1
Alternatively attempts to write g(x) = W =3- (ln (x) - 2) and attempts the chain rule so allow for:
n\x)—

3—(1n(x)—2)71 - (ln(x)—2)72 xZ

X
Alternatively writes g(x) = (3 In(x)-7 ) (ln (x)- 2)_1 and attempts the product rule so allow for:

g’(x):(lnx—Z)fl xﬁ—(3lnx—7)(lnx—2)72x£
x x

In general condone missing brackets for the M mark. E.g. if they quote # = 3Inx - 7 and v =Inx — 2 and
don’t make the differentiation easier, they can be awarded this mark for applying the correct rule.

Also allow this mark if they quote the correct quotient rule but only have v rather than »* in the
denominator.



1

1
Al: — Allow #2 i.e. we need to see the numerator simplified to 1/x
x(Inx-2) (Inx-2)

Note that some candidates establish the correct numerator and correct denominator independently and provided
they obtain the correct expressions, this mark can be awarded.
But allow a correctly expanded denominator.
Alcso: States that as x>0 AND Inx — 2 is squared so g'(x) >0
(©)
M1: Attempts to solve either 3ln x — 7 =0 or In x — 2 = 0 or using inequalities e.g. 3lnx—7>0
7

Al: O<a<e’, a>¢?



< ™\
14. Given that
_ -4 0
y—2+¢; x>
show that
dy 1
— = >0
dx AJx o
where A is a constant to be found.
4)
o _J
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Question Scheme Marks AOs

1 __x-4 dy 2+/x—(x-4)3x7 M1 | 21
T2l (2+x) Al | 11b
:2+\/;—(X—4)%X_%:2+x/;—%x/§+2x’% :2\/§+%x+2
(2+\/;)2 (2+\/;)2 \/;(2+\/;)2 M1 1.1b
 x+4x+4 (2+\/;)2 1
- 2 2 — Al 2.1
2Jx(244x) 2dx(2+x) VX
(4)
(4 marks)

Notes

M1: Attempts to use a correct rule e.g. quotient or product (& chain) rule to achieve the following forms

a(2+\/;)—ﬂ(x—4)x’%

2
Quotient : 5 but be tolerant of attempts where the (2+\/§) has been
(2+\/;)
-1 1 -2
incorrectly expanded Product: a(2+x&) +ﬂx7(x—4)(2+\&)
2t(2+t)-(t* —4 E
t% — dy dy dt ( ) 15 .

Alternatively with t=/x, y= ST N v TR e o)y x=X " with same rules

Al: Correct derivative in any form. Must be in terms of a single variable (which could be t)
M1: Following a correct attempt at differentiation, it is scored for multiplying both numerator and

denominator by\/§ and collecting terms to form a single fraction. It can also be scored from el _ZVU
\'
2
For the t =+/x, look for an attempt to simplify ﬁxi
(2+1)" 2
Al: Correct expression showing all key steps with no errors or omissions. g—y must be seen at least once
X
Question Scheme Marks AOs
14 «—4 (Vx+2)(vx-2) s ML | 21
= = = X —
= Y 2+ Jx Al | 11b
dy 1 M1 1.1b
dx 24X Al 2.1
(4)
(4 marks)
Notes
M1: Attempts to use difference of two squares. Can also be scored using
—4 (t+2)(t-2)
=iy =g = Y=g

Al: y:\/;—Z ory=t-2
M1: Attempts to differentiate an expression of the form y = JX+b

Al: Correct expression showing all key steps with no errors or omissions. g—y must be seen at least once
X
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8. The curve C has equation
px® +qxy +3)* =26
where p and ¢ are constants.

(a) Show that

dy apx® + bqy
dx gx+cy

where a, b and c are integers to be found.

C))

Given that
+ the point P(-1, —4) lies on C
* the normal to C at P has equation 19x + 26y + 123 =0

potetetetototete! 5%
SR
S 5

XX
X
o
0o
te%e%%

0
i
S5

0./

(b) find the value of p and the value of g.
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Question Scheme Marks AOs
8(a) d , . dy
—(3y?*)=6y—-2
dx( y) ydx
or M1 2.1
d o Y
OIX(qu)—qx o
3px2+qxd—y+qy+6yﬂ=0 Al 1.1b
dx dx
dy 2 dy
6y)—= =—3px> — L=
(ax+ y)OIX pX* —ay = dM1 | 2.1
dy —3px°-—
dx gx+6y
(4)
(b) p(-1)° +q(~1)(~4)+3(-4)" =26 M1 | 1.1b
19x+26y+123=0:>m=—% Bl 2.2a
-3p(-1)'-q(-4) _26 q(-1)+6(-4) _ 19
a(-1)+6(-4) 18 " 3p(cf+q(-4) 26 M1 | 31a
p—4q =22, 57p—-1029=624= p=...,=... dM1 1.1b
p=2, q=-5 Al 1.1b
(5)
(9 marks)
Notes
(@)

MZ1: For selecting the appropriate method of differentiating:

Allow this mark for either 3y? — ayj_y or gxy — axj—y+ﬂy
X X
Al: Fully correct differentiation. Ignore any spurious j_y =...
X

dM1: A valid attempt to make :_y the subject with 2 terms only in g_ycoming from gxy and 3y?
X X

Depends on the first method mark.
Al: Fully correct expression
(b)
M1: Uses x =—1and y = -4 in the equation of C to obtain an equation in p and g
B1: Deduces the correct gradient of the given normal.
This may be implied by e.g.

19x+26y+123=0=>y= —%x+... = Tangentequationisy =%x+...

MZ1: Fully correct strategy to establish an equation connecting p and q using x=-1andy =—-4in
their g_yand the gradient of the normal. E.g. (a) = —1+their—% or -1+(a) = their—%
X
dM1: Solves simultaneously to obtain values for p and g.
Depends on both previous method marks.
Al: Correct values




Alternative for (b):

Q:M: y+4= q+24 (x+1)
dx —q-24 4q-3p
M1A1

= y(49-3p)+4(4q-3p)=(q+24)x+q+24
M1

19x+26y+123=0=09+24=19=q=-5

3p-49=26=3p+20=26=>p=2
M1A1

M1: Uses (—1, —4) in the tangent gradient and attempts to form normal equation
Al: Correct equation for normal
M1: Multiplies up so that coefficients can be compared
dM1: Full method comparing coefficients to find values for p and g
Al: Correct values




r

13. The curve C has parametric equations
) T
x=sin20  y=cosec’d 0<b< 5

(a) Find an expression for Y in terms of 6
dx 3)
(b) Hence find the exact value of the gradient of the tangent to C at the point where y = 8
3)
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Question Scheme Marks AOs
13(2) y = cosec’d = g—é = —3cosec’dcosecd cot & B1 1.1b
dy _dy , dx
o do do M1 1.1b
3
dy _ —3cosec’@ cot & Al 1.1b
dx 2co0s 20
3
(b) y:8:>cosec39:8:>sin30:%:>sin9:% M1 3.1a
—3cosec’ (”j cot [”j
9" dy 6 6
= —= =
6 dx 5 (2%}
cos| —
6
or
M1 2.1
3y
-3 c0sfd —3x8x
1 dy_sin6  sing b
sm<9:—:>d—:s'n _S'? = 1
X 2(1-2sin’0) 2(1_2Xj
4
— —24/3 Al | 22a
3
(6 marks)
Notes
(a)
B1: Correct expression for d_yseen or implied in any form e.g. —3_0—(43349
de sin” @

M1: Obtains 3—2 =k cos28 or acos® 8+ Bsin? @ (from product rule on sinfcos)

and attempts &Y _ 9 . 9%
dx do dé
Al: Correct expression in any form.
—3cos ¥ 3
May see e.g.

2sin“@cos20’  4sin* @cos@—2sin® Htan @
(b)

M1: Recognises the need to find the value of sin & or & when y = 8 and uses the y parameter to

establish its value. This should be correct work leading to sin & =% ore.g. d :% or 30°.

M1: Uses their value of sin& or 6 in their j_y from part (a) (working in exact form) in an attempt
X

. d T
to obtain an exact value for d—y May be implied by a correct exact answer.
X

If no working is shown but an exact answer is given you may need to check that this follows their
dy

dx’

Al: Deduces the correct gradient




15.

F

Figure 5

A company makes toys for children.
Figure 5 shows the design for a solid toy that looks like a piece of cheese.
The toy is modelled so that

» face ABC is a sector of a circle with radius »cm and centre 4

+ angle BAC = 0.8radians

» faces ABC and DEF are congruent

* edges AD, CF and BE are perpendicular to faces ABC and DEF
» edges AD, CF and BE have length Acm

Given that the volume of the toy is 240 cm?

(a) show that the surface area of the toy, Scm?, is given by

1680
§=0.8r2+ —=

making your method clear.

Using algebraic differentiation,

(b) find the value of r for which S has a stationary point.

(c) Prove, by further differentiation, that this value of » gives the minimum surface area
of the toy.

P 6 9 6 01 A 0 4 2 4 8
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Question Scheme Marks AOs
15 (a) Sets up an allowable equation using volume = 240
1, 600 M1 3.4
E.g. 57 x0.8h=240=h=—-o.. Al 1.1b
r
Attempts to substitute their /4 = ﬂz() into
d dM1 3.4
(S =)%r2 x 0.8+%r2 x 0.8 +2rh +0.87h
S=o.8r2+2.8rh=o.8r2+2.8x@=o.8r2+@ * Al* 2.1
C))
(b) ds 16 1680 M1 3.1a
) T Al 1.1b
ds
Sets d—=0:r3=1050 dM1 2.1
r
r=awrt10.2 Al .1b
“)
(©) d’s 3360
Attempts to substitute their positive » into o =1.6+ 5 M L1b
and considers its value or sign
d’s 3360 .. d’S :
E.g. Correct e 1.6+ 5 with R 5> 0Oproving a Al L1b
minimum value of S
2
(10 marks)
Notes:
Volume = 0.47°h
Area = 0.47
\ Area =0.8rh
F

Area=rh

Total surface area = 2rh+0.87> + 0.8




M1: Attempts to use the fact that the volume of the toy is 240 cm?

Sight of %rz x0.8x h =240 leading to h=... or rh =... scores this mark

But condone an equation of the correct form so allow for kr’h=240= h=... or rh=...
Al: A correct expression for 4 = ﬂz() or rh= 600 which may be left unsimplified.
r
r
: . : 600
This may be implied when you see an expression for S or part of S E.g 2rh=2r X—
r

. . a : :
dM1: Attempts to substitute their 4 = — o.. such as A =< into a correct expression for §
r
r

Sight of %r2 x 0.8+ % > x 0.8+ rh+ rh+0.8rh with an appropriate substitution

Simplified versions such as 0.8r" +2rh +0.8rh used with an appropriate substitution is fine.
Al*: Correct work leading to the given result.

S'=, S4 = or surface area = must be seen at least once in the correct place

The method must be made clear so expect to see evidence. For example

S=0&9+2M+08ﬂu:S=08/+zrxg?+osrxg?:35=08ﬁ+l§@\mmeemm.

r r

ds d
(b)  There is no requirement to see . in part (b). It may even be called ay
r

M1: Achieves a derivative of the form pr+ % where p and ¢ are non- zero constants
r

Al: Achieves (i—SJ =1.6r— 16§0
a

r

ds
dM1: Sets or implies that their . =0 and proceeds to mr’ =n, mxn>0.1Itis dependent upon a
r

correct attempt at differentiation. This mark may be implied by a correct answer to their pr . )

2
r
Al: r=awrt10.2 or 3/1050
(©)
. . .. . . d’s f
M1: Attempts to substitute their positive » (found in (b)) into o = |ex~ where e and f'are non zero
r r

5=

and finds its value or sign.

2 3
r

2
Alternatively considers the sign of (j 5 :]e ii (at their positive » found in (b))
r

2 d2y

Condone the to be —=-or being absent, but only for this mark.
dx

dr?

2
Al: States that d—f orS"=1.6+ 33360
dr -

=awrt 5 > 0 proving a minimum value of S

. : : d’s 3360
This is dependent upon having achieved » =awrt 10 and a correct ey =1.6+—;
r r

d’s d’s 3360
.Eg. —=1.6+
r? 8 dr? P

minimum value of S. For consistency it is also dependent upon having achieved r =awrt 10

It can be argued without finding the value of >0asr>0,so

2
Do NOT allow d’y for this mark

2




r

12. The function f is defined by

3x
fo)= ———
4x" + k
where £ is a positive constant.

(a) Show that
f'(x) = (12x° — 8x + 3k) g(x)

where g(x) is a function to be found.
3)

Given that the curve with equation y = f(x) has at least one stationary point,

(b) find the range of possible values of .
3)

.
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Question Scheme Marks AOs
12(2) o (4x2 i k) 3¢ —8xe”
fx)=——=1'(x)= >
AP 4k (4x2 +k) M1 1.1b
or Al 1.1b
3x 2 -1 , 3x 2 -1 3x 2 -2
f(x)=e (4x +k) = £'(x) = 3¢ (4x +k) _8xe (4x +k)
(12x2 ~8x+ 3k)e3"
£(x) = _ Al 2.1
(4)62 + k)
3)

(b) If y =f(x) has at least one stationary point then . -

2a
12x° —8x+3k = 0 has at least one root

Applies b’ —4ac (=)0 with a=12,b=-8,c=3k Ml 2.1

0<k< g Al 1.1b
3
(6 marks)
Notes:
(a)

0{(4x2 + k)e3x —ﬂxe3x
) 2
(4x +k)

condoning bracketing errors/omissions as long as the intention is clear.
If the quotient rule formula is quoted it must be correct.

(4x2 + k) 3e3x - 8xe3x

(4x2 +k)

M1: Attempts the quotient rule to obtain an expression of the form

, ap>0

Condone e.g. f'(x) =

provided an incorrect formula is not quoted.

-1
May also see product rule applied to e (4x2 + k) to obtain an expression of the form

-1 -2
ae’ (4x2 + k) + ﬂx63 (4x2 + k) a,B0<0 condoning bracketing errors/omissions as

long as the intention is clear. If the product rule formula is quoted it must be correct.

A1l: Correct differentiation in any form with correct bracketing which may be implied by subsequent
work.
3x

> or equivalent

Al: Obtains f'(x) = (12x2 —8x+3k)g(x) where g(x)=
(4x2 +k)
-2

e.g g(x)= e (4x2 + k)

Allow recovery from “invisible” brackets earlier and apply isw here once a correct answer is seen.
Note that the complete form of the answer is not given so allow candidates to go from e.g.

(45" k)3 —gxe” P 2 (120 -8+ 3k)e”
o 3e“(4x2+k) ~8xe (4x2+k) to
(4x2+k)

for the final mark.

(4x2 +k)




nd_y_n

The "f'(x) =" must appear at some point but allow e.g. i

(b) Note that BOM1A1 is not possible in (b)
B1: Deduces that if y = f(x) has at least one stationary point then 12x° —8x + 3k = 0 has at least one

3x

root. There is no requirement to formally state e—2 >0
(4x2 + k)
This may be implied by an attempt at b’ —dac >0 or b —4dac> 0 condoning slips.
M1: Attempts b’ —4ac..0 with a= 12, b=-8, c=3k where ... ise.g. “=", <, >, etc.

Alternatively attempts to complete the square and sets rhs ...0

) , 2 1 1Y 1 1 ) 1 1
Lo, —_ = e —_ = —_— = —_—— _ >
E.g. 12x"-8x+3k=0=x 3x+4k O:>(x 3j 9 4k leading to 5 4k/O

Al: 0<k<g but condone kgg and condone 0 < kgg

Must be in terms of & not x so do not allow e.g. 0 < x < g but condone [0, g} or [O, g}



16.

=V

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

V4 V4
x=2tant+ 1 y=2sec’t+3 7 <t<§

T
The line / is the normal to C at the point P where ¢= 7

(a) Using parametric differentiation, show that an equation for / is

1 17

= — — 4+ —
YT

C))

(b) Show that all points on C satisfy the equation

y=%(x—1)2+5
2

The straight line with equation

y=-gx +k where £ is a constant

intersects C at two distinct points.

(c) Find the range of possible values for £.

©)
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Question Scheme Marks | AOs
16(a) dy )
dy g 4sec’ttant Ml 1.1b
Att ts —=—-——=————(=2tant
L TR T ( ) Al | L1b
dt
7 dy
== Z_ = = M1 2.1
At t 1 dx 2,x=3,y=7
Attempts equation of normal y—7 :—%(x—3) M1 1.1b
LN *
y=—gxt— Al 2.1
)
(b) _ 1Y
Attemptstouseseczt:1+tan2t:>y23=1+£x21] Ml | 3.1a
1)
:}y—3:2+¥:y:%(x_1)2+5 * Al* 2.1
(2)
(b) Alternative 1:
y=%(x—1)2+5=%(2tant+1—1)2+5
1 ) ) Ml 3.1a
=§4tan t+5=2(sec t—1)+5
—2sec t+3=y* Al | 21
(b) Alternative 2:
x:2tant+1:>t:tan_l[XT_lj:y=2sec2(tan_l(xT_1D+3
Ml 3.1a
2 -1 x—1
:>y=2(l+tan [tan (TD}L?;
x—1Y 1
- 2
:>y:2(1+(7j ]4‘3:5()(:—1) +5% Al 2.1
(b) Alternative 3:
2
%:2tant:x—lzy:-[(x—l)dx:%—x+c
s Ml 3.1a
3 11
(3,7)—)7—7—34'6’36—7
2
al 1 : Al | 21

1 1 1 > 1 11 1 2
——x+—=—(x —Z.X)-‘F?ZE(X—I) —E+7=§(x—l) +5%




(c) Attempts the lower limit for k:

1 2 1 2
E(X—l) +5=—§x+k:>x —x+(11—2k)=0 M1 2.1
b —dac=1-4(11-2k)=0=k=..
43
(k=) 5 Al | LIb

Attempts the upper limit for k:

T T 2 T
V) ait=——=>x=2tan| —= |+1=—1, y=2 ~Z |+3=7
(xy)_nit=—g=x an( 4j Y Se"( 4) Ml | 21

(-1, 7),y=—lx+k:>7=%+k:k=...

2
13
(k _)7 Al 1.1b
43 13
- < — .
g <k< > Al 2.2a
(©))
(12 marks)
Notes:
(a) Must use parametric differentiation to score any marks in this part and not e.g. Cartesian form
dy
M1: For the key step of attempting g g)tc There must be some attempt to differentiate both
dr

Al:

M1:

M1:

2 scores MO.
X

dy
dr

dx_ dy dy
3w rta R w

parameters however poor and divide the right way round so using —

This may be implied by e.g. gx ~2sect, ¥ = dsec tant, =5 z =2

dt

4sec’t tant .. N

% = SCC TN Correct expression in any form. May be implied as above.
2sec’ t

Condone the confusion with variables as long as the intention is clear e.g.

dy
% = % = M(= 2tan x) and allow subsequent marks if this is interpreted correctly
o 2sec’ x
t

For attempting to find the values of x, y and the gradient at = — AND getting at least two correct.

4
dy oz
Follow through on their ™ so allow for any two of x=3, y=7, — dx 2(or the1r3att = Zj

Note that the x =3, y =7 may be seen as e.g. (3, 7) on the diagram. There must be a non-trivial

dy

% for this mark e.g. they must have a %to substitute into.

. . . T .
For a correct attempt at the normal equation using their x and y at t =— with the negative

4
) . dy V4 . dy
reciprocal of their aatt =7 having made some attempt at o and all correctly placed.
For attempts using y = mx + ¢ they must reach as far as a value for c using their x and y at ¢ = %
. . . . dy T
with the negative reciprocal of their aatt =7 all correctly placed.

AT*: Proceeds with a clear argument to the given answer with no errors.



(b)

) .. ) 2
M1: Attempts to use sec’ f =1+ tan’ ¢ oe to obtain an equation involving y and (x—1)

1)
E.g. as above or e.g. y=2sec2t+3:2(1+tan2t)+3:2£1+(x—j ]+3 for M1 and then

2

y:%(x—l)2 +5* for Al

A1*: Proceeds with a clear argument to the given answer with no errors
Alternative 1:

M1: Uses the given result, substitutes for x and attempts to use sec’ t =1+ tan’ ¢ oe

Al: Proceeds with a clear argument to the y parameter and makes a (minimal) conclusion e.g. “ ="
QED, hence proven etc.

Alternative 2:

M1: Uses the x parameter to obtain ¢ in terms of arctan, substitutes into y and attempts to use
sec’t=1+tan’ ¢ oe

Al: Proceeds with a clear argument to the given answer with no errors

Alternative 3:

M1: Uses %from part (a) to express %m terms of x, integrates and uses (3, 7) to find “c” to reach
a Cartesian equation.

Al: Proceeds with a clear argument to the given answer with no errors
Allow the marks for (b) to score anywhere in their solution e.g. if they find the Cartesian
equation in part (a)

(c)

M1: A full attempt to find the lower limit for 4.

%(x—l)z+5=—%x+k:x2—x+(11—2k)=0:>b2—4ac=1—4(11—2k)=0:k=...

Score M1 for setting %(x - 1)2 +5= —%x + k, rearranging to 3TQ form and attempts b’ —4ac..0

e.g. b —4ac>0 or e.g. b’ —4dac <0 correctly to find a value for £.

Al: k= % oe. Look for this value e.g. may appear in an inequality e.g. k > %, k< %
An alternative method using calculus for lower limit:
:—(x 1) +5:>%—x I, x— 1——l:>x—%
1
=— =—| =1

S R
——lx+/7c:>———l k=k=

) g 4 -

Score M1 for % ="a linear expression in x”, sets = —%, solves a linear equation to find x and

then substitutes into the given result in (b) to find y and then uses y = —%x + k to find a value

fork. Al: k= 43 oe. Look for this value e.g. may appear in an inequality e.g. & >— 43 , k< 43

8 = 8’ 8




An alternative method using parameters for lower limit:

——lx+k:>2seczt+3——l(2tant+1)+k
Y=73 )

:>2(1+tan2 t)+3=—%(2tant+l)+k:>2tan2t+tant+5.5—k=0

b2—4ac=0:>1—4x2(5.5—k):o:>k:%

o . . 1
Score M1 for substituting parametric form of x and y into y = Xt k, uses sec’f=1+tan’ ¢

rearranges to 3TQ form and attempts b’ —4ac..0 or e.g. b —4ac>0 or b —4ac<0 correctly to

find a value for £.
43 . . . . 43 43
Al: k= < °¢ Look for this value e.g. may appear in an inequality e.g. k > < k< <

M1: A full attempt to find the upper limit for k. This requires an attempt to find the value of x and the

value of y using ¢ = —%, the substitution of these values into y = —%x + k and solves for k.
Al: k= % Look for this value e.g. may appear in an inequality.
43 13
A1: Deduces the correct range for £: < < k < >

. . 13 43 13 43 43 13
o (k< RS ALE N R
Allow equivalent notation e.g (k > and k> 8) (k > Nk > 2 ] ( 3 2}

Butnote.g. (kg%, k>%j, (kgguk>%j, [kg% or k>%} and do not allow if in

terms of x.
13
T2
There may be other methods for finding the upper limit which are valid. If you are in any
doubt if a method deserves credit then use Review.

Allow equivalent exact values for





