


























































































































 

Question Scheme Marks AOs 

12(a)(i) 
 

d 5sin 2 6cos or 5 2sin cos 6cos
d
xy t t t t t
t

× = × × ×  
 

M1 
 

 
1.2 

 

(Area =)  5sin 2 6cos d 5 2sin cos 6cos dt t t t t t t× = × ×∫ ∫  

or 
25sin 2 6cos d 60sin cos dt t t t t t× =∫ ∫  

dM1 1.1b 

(Area = ) 
2 2

0

60sin cos dt t t
π

∫ * A1* 2.1* 

 (3)  
(a)(ii) 2 360sin cos d 20cost t t t= −∫  M1 

A1 
1.1b 
1.1b 

Area = 3 2
0

20cos 0 ( 20) 20t − = − − = 
π

 * A1* 2.1 

 (3)  
(b) 4.25sin 2 4.2 sin 2

5
t t= ⇒ =  M1 3.4 

0.4986...,1.072...t =  A1 1.1b 
Attempts to finds the x values at both t values  dM1 3.4 

                                 0.4986... 2.869...t x= ⇒ =  
                                  1.072 5.269...t x= ⇒ =  

A1 1.1b 

Width of path = 2.40 metres A1 3.2a 
 (5)  

(11 marks) 
 
  



Notes: 
(a)(i) 

M1: Attempts to multiply y by 
d
d
x
t

to obtain sin 2 cosA t t  but may apply sin 2 2sin cost t t=  here 

dM1: Attempts to use sin 2 2sin cost t t=  within an integral which may be implied by  

          e.g. 2sin 2 cos d sin cos dA t t t k t t t× =∫ ∫   

A1*: Fully correct work leading to the given answer.  
         This must include sin 2 2sin cost t t=  or e.g. 5sin 2 10sin cost t t=  seen explicitly in their proof and a correct  
         intermediate line that includes an integral sign and the “dt” 
         Allow the limits to just “appear” in the final answer e.g. working need not be shown for the limits. 
(a)(ii) 

M1: Obtains 2 360sin cos d cost t t k t=∫ . This may be attempted via a substitution of u = cos t to obtain 

2 360sin cos dt t t ku=∫  

A1: Correct integration 320cos t− or equivalent e.g. -20u3 
A1*: Rigorous proof with all aspects correct including the correct limits and the 0 ( 20)− − and 

         not just:   ( )3 320cos 20cos 0 20
2
π

− − − =  

(b) 

M1: Uses the given model and attempts to find value(s) of t when 4.2sin 2 .
5

t =  Look for 1 4.22 sin ...
5

t t−= ⇒ =  

A1: At least one correct value for t, correct to 2 dp. FYI 0.4986...,1.072...t =  or in degrees  t = 28.57…, 61.42… 

dM1: Attempts to find TWO distinct values of x when sin 2t = 4.2 .
5

 Condone poor trig work and allow this mark if 2  

          values of x are attempted from 2 values of t. 
A1: Both values correct to 2 dp. NB x = 2.869…,  5.269… 
 

Or may take Cartesian approach 
2

4 25sin 2 4.2 10sin cos 4.2 10 1 4.2 36 228.6144 0 2.869...,5.269...
6 36
x xt t t x x x= ⇒ = ⇒ − = ⇒ − + = ⇒ =  

M1: For converting to Cartesian form   A1: Correct quartic  M1: Solves quartic  A1: Correct values 
 

A1: 2.40 metres or 240 cm 
       Allow awrt 2.40 m or allow 2.4m (not awrt 2.4 m) and allow awrt 240 cm. Units are required. 
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11.
y

R

O x2 4

Figure 2

	 Figure 2 shows a sketch of part of the curve with equation 

y = (ln x)2        x > 0

	 The finite region R, shown shaded in Figure 2, is bounded by the curve, the line with 
equation x = 2, the x-axis and the line with equation x = 4

	 The table below shows corresponding values of x and y, with the values of y given to 4 
decimal places.

x 2 2.5 3 3.5 4

y 0.4805 0.8396 1.2069 1.5694 1.9218

	 (a)	 Use the trapezium rule, with all the values of y in the table, to obtain an estimate for 
the area of R, giving your answer to 3 significant figures.

(3)

	 (b)	Use algebraic integration to find the exact area of R, giving your answer in the form

y = a (ln 2)2 + b ln 2 + c

		  where a, b and c are integers to be found.
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



 (a) 

B1: Correct strip width. May be implied by { }1 1 ....
2 2
×  or { }1 ....

4
×  

M1: Correct application of the trapezium rule. 

        Look for ( ){ }1 '' '' 0.4805 1.9218 2 0.8396 1.2069 1.5694
2

h× + + + + condoning slips in the digits. 

        The bracketing must be correct but it is implied by awrt 2.41    
A1: 2.41 only. This is not awrt 
(b) 
M1: Attempts parts the correct way round to achieve ( )2ln ln dx x x xα β− ∫  o.e.  

          May be unsimplified (see scheme). Watch for candidates who know or learn ln d lnx x x x x= −∫   

who may write ( ) ( )( ) ( )
2 lnln d ln ln d ln ln dx x xx x x x x x x x x x

x
−

= = − −∫ ∫ ∫  

A1: Correct expression which may be unsimplified 
dM1: Attempts parts again to (only condone coefficient errors) to achieve ( )2ln lnx x x x x− ±α β γ   o.e. 

ddM1: Applies the limits 4 and 2 to an expression of the form ( )2ln lnx x x x x± ± ±α β γ , subtracts and   
applies ln 4 = 2ln 2 at least once. Both M's must have been awarded 

A1: Correct answer 
................................................................................................................................................................ 
It is possible to do ( )

2
ln dx x∫  via a substitution lnu x=  but it is very similar. 

M1 A1, dM1: 2 2 2e d e 2 e d , e 2 e 2eu u u u u uu u u u u u u= − = − ±∫ ∫  

ddM1: Applies appropriate limits and uses ln 4 = 2ln 2 at least once to an expression of the form 
2 e e eu u uu u− ±β γ  Both M's must have been awarded 

............................................................................................................................................................................... 

Question Scheme Marks AOs 

11(a) 0.5h =  B1 1.1b 

( ){ }1 1 0.4805 1.9218 2 0.8396 1.2069 1.5694
2 2

A ≈ × + + + +  M1 1.1b 

= 2.41 A1 1.1b 
 (3)  

(b) ( ) ( )
2 2 2 lnln d ln dxx x x x x x

x
= − ×∫ ∫  M1 

A1 
3.1a 
1.1b 

( ) ( ) ( )2 2ln 2 ln d ln 2 ln dx x x x x x x x x= − = − −∫ ∫  

( ) ( )2 2ln 2 ln d ln 2 ln 2x x x x x x x x x= − = − +∫  
dM1 2.1 

( ) ( )
44 2 2

2 2
ln d ln 2 ln 2x x x x x x x = − + ∫  

( ) ( )( )2 24 ln 4 2 4ln 4 2 4 2 ln 2 2 2ln 2 2 2= − × + × − − × + ×  

( ) ( )2 24 2 ln 2 16ln 2 8 2 ln 2 4ln 2 4= − + − + −  

ddM1 2.1 

( )214 ln 2 12ln 2 4= − +  A1 1.1b 

 (5)  
(8 marks) 

Notes 
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  

12.	(a)	 Use the substitution  u = 1 + x  to show that

x
x10

16

+∫  dx = 
2 1

3
( )u
up

q
−∫  du

		  where p and q are constants to be found.
(3)

	 (b)	Hence show that

x
x10

16

+∫  dx = A – B ln 5

		  where A and B are constants to be found.
(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



 

Question Scheme Marks AOs 

12(a) 
( ) ( )2 d1 1 2 1

d
xu x x u u
u

= + ⇒ = − ⇒ = −  

or 
1
2d 11

d 2
uu x x
x

−
= + ⇒ =  

B1 1.1b 

( ) ( )
21

d 2 1 d
1

ux x u u
ux
−

= −
+∫ ∫  

or 

( )3
21

2

32 12d 2 d d d
1

ux x xx x u u u
u u ux

−
= × = =

+∫ ∫ ∫ ∫  

M1 2.1 

( )
16 5

3

0 1

2 1
d d

1
ux x u
ux
−

=
+∫ ∫  A1 1.1b 

 (3)  
(b) 

3 2
23 3 1 12 d 2 3 3 d ...u u u u u u u

u u
− + −  = − + − = 

 ∫ ∫  M1 3.1a 

( )
3 232 3 ln

3 2
u u u u
 

= − + − 
 

 A1 1.1b 

( ) ( )
23 3 55 1 32 3 5 ln 5 3 ln1

3 2 3 2

  = − + − − − + −  
   

 dM1 2.1 

104 2ln 5
3

= −  A1 1.1b 

  (4)  
(7 marks) 

Notes 

(a) 
B1: Correct expression for d

d
x
u

 or ( )d or
d
u u
x

′  or dx in terms of du or du in terms of dx 

M1: Complete method using the given substitution. 

        This needs to be a correct method for their d
d

x
u

 or d
d
u
x

 leading to an integral in terms of u  

        only (ignore any limits if present) so for each case you need to see: 

        ( ) ( ) ( )
21d f d f d

d 1
ux xu x u u

u ux
−

= → =
+∫ ∫  

           ( ) ( ) ( )d dg d h d .
d g1
u x x ux x u u
x u xx
= → = × =

+∫ ∫ ∫  In this case you can condone  

          slips with coefficients e.g. allow ( )
1
21

2d 1 d d h d
d 2 21
u x x xx x u u u
x ux

−
= → = × =

+∫ ∫ ∫   



            but not ( )
1
21

2d 1 d d h d
d 2 21
u x x xx x u u u
x ux

−
−

= → = × =
+∫ ∫ ∫  

A1: All correct with correct limits and no errors. The “du” must be present but may have been  
       omitted along the way but it must have been seen at least once before the final answer. 
       The limits can be seen as part of the integral or stated separately. 
(b) 
M1: Realises the requirement to cube the bracket and divide through by u and makes progress 
with the integration to obtain at least 3 terms of the required form e.g. 3 from ku3, ku2, ku, k ln u 
A1: Correct integration. This mark can be scored with the “2” still outside the integral or even if  
       it has been omitted. But if the “2” has been combined with the integrand, the integration  
       must be correct. 
dM1: Completes the process by applying their “changed” limits and subtracts the right way round 
          Depends on the first method mark. 

A1: Cao (Allow equivalents for 104
3

 e.g. 
208
6

) 
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14.

8 m
3 m

h m 5 m

T

Figure 5

	 Water flows at a constant rate into a large tank.

	 The tank is a cuboid, with all sides of negligible thickness.

	 The base of the tank measures 8 m by 3 m and the height of the tank is 5 m.

	 There is a tap at a point T at the bottom of the tank, as shown in Figure 5.

	 At time t minutes after the tap has been opened
•	 the depth of water in the tank is h metres
•	 water is flowing into the tank at a constant rate of 0.48 m3 per minute
•	 water is modelled as leaving the tank through the tap at a rate of 0.1h m3 per minute

	 (a)	 Show that, according to the model,

1200 
d
d
h
t

 = 24 – 5h
(4)

	 Given that when the tap was opened, the depth of water in the tank was 2 m,

	 (b)	 show that, according to the model,

h = A + B e–kt

		  where A, B and k are constants to be found.
(6)

	 Given that the tap remains open,

	 (c)	 determine, according to the model, whether the tank will ever become full, giving a 
reason for your answer.

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



Question Scheme Marks AOs 

14(a) d 0.48 0.1
d
V h
t
= −  B1 3.1b 

  d24 24
d
VV h
h

= ⇒ =   or   d 1
d 24

h
V
=  B1 3.1b 

d d d 0.48 0.1
d d d 24
h V h h
t t V

−
= × =  

or e.g. 
d d d d0.48 0.1 24
d d d d
V V h hh
t h t t
= ⇒ − =  

M1 2.1 

d1200 24 5 *
d
h h
t
= −  A1* 1.1b 

 (4)  
(b) d 12001200 24 5 d d

d 24 5
h h h t
t h
= − ⇒ =

−∫ ∫  

( ) ( ). . ln 24 5e g h t cα⇒ − = +  oe 
or 

d d 12001200 24 5
d d 24 5
h th
t h h
= − ⇒ =

−
 

( ) ( ). . ln 24 5e g t c hα⇒ + = −  oe 

M1 3.1a 

( )( )240ln 24 5t h c= − − +  oe A1 1.1b 

( ) ( )0, 2 0 240ln 24 10 ... 240ln14t h c c= = ⇒ = − − + ⇒ =  M1 3.4 

( ) ( )240ln 14 240ln 24 5t h= − −  A1 1.1b 

240
14 14 14240ln ln e

24 5 240 24 5 24 5
ttt

h h h
= ⇒ = ⇒ =

− − −
 

24014e 24 5 ...
t

h h−⇒ = − ⇒ =  

ddM1 2.1 

2404.8 2.8e
t

h −= − oe e.g. 240
24 14 e
5 5

t

h −= −  A1 3.3 

 (6)  
(c) Examples: 

• 240As ,e 0
t

t
−

→∞ →  

• When h > 4.8, d 0
d
V
t
<  

• Flow in = flow out at max h so 0.1h = 4.8  h = 4.8 

• 240As e 0, 4.8
t

h
−

> <  

• d5 0.02
d
Vh
t

= ⇒ = −  or d 1
d 1200
h
t
= −  

• d 0 4.8
d
h h
t
= ⇒ =  

• 240 2405 4.8 2.8e 5 e 0
t t

h − −= ⇒ − = ⇒ <  

M1 3.1b 

• The limit for h (according to the model) is 4.8m and the tank 
is 5m high so the tank will never become full 

• If h = 5 the tank would be emptying so can never be full 
• The equation can’t be solved when h = 5 

A1 3.2a 



 (2)  
(12 marks) 

Notes 

(a) 
B1: Identifies the correct expression for d

d
V
t

according to the model 

B1: Identifies the correct expression for d
d
V
h

according to the model 

M1: Applies d d d
d d d
h V h
t t V
= × or equivalent correct formula with their d

d
V
t

and d
d
V
h

which may 

be implied by their working 
A1*: Correct equation obtained with no errors 
Note that: d d 0.48 0.1 d0.48 0.1 1200 24 5 *

d d 24 d
V h h hh h
t t t

−
= − ⇒ = ⇒ = − scores 

B1B0M0A0. There must be clear evidence where the “24” comes from and evidence of the 
correct chain rule being applied. 
(b) 
M1: Adopts a correct strategy by separating the variables correctly or rearranges to obtain d

d
t
h

correctly in terms of h and integrates to obtain ( )( )ln 24 5t h cα= − + or equivalent (condone 
missing brackets around the “24 – 5h”) and + c not required for this mark. 
A1: Correct equation in any form and + c not required. Do not condone missing brackets unless 
they are implied by subsequent work. 
M1: Substitutes t = 0 and h = 2 to find their constant of integration (there must have been some 
attempt to integrate) 
A1: Correct equation in any form 
ddM1: Uses fully correct log work to obtain h in terms of t.  
            This depends on both previous method marks. 
A1: Correct equation 
Note that the marks may be earned in a different order e.g.: 

( ) ( ) 240240ln 24 5 ln 24 5 e 24 5
240

ttt c h d h A h
−

+ = − − ⇒ − + = − ⇒ = −  

2402400, 2 14 14e 24 5 4.8 2.8e
t

t

t h A h h
− −= = ⇒ = ⇒ = − ⇒ = −  

Score as M1 A1 as in main scheme then 
M1: Correct work leading to e 24 5tA hα = −  (must have a constant “A”) 

A1: 240e 24 5
t

A h
−

= −  
ddM1: Uses t = 0, h = 2 in an expression of the form above to find A 

A1: 2404.8 2.8e
t

h −= −  
(c) 
M1: See scheme for some examples 
A1: Makes a correct interpretation for their method. 
       There must be no incorrect working or contradictory statements. 
       This is not a follow through mark and if their equation in (b) is used it must be correct. 
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  

4.	 (a)	 Express  
6.3

δ 0
2.1

2lim δ
x

x

x
x→

=
∑   as an integral.

(1)

	 (b)	Hence show that
6.3

δ 0
2.1

2lim δ
x

x

x
x→

=
∑  = ln k

		  where k is a constant to be found.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



 

Question Scheme Marks AOs 

4 (a) 
           

6.3 6.3

0
2.12.1

2 2lim d
x

x

x xx xδ →
=

δ =∑ ∫  B1 1.2 

  (1)  

(b)                                     = [ ]6.3

2.1
2 ln 2ln 6.3 2ln 2.1x = −   M1 1.1b 

                                                   = ln 9                 CSO A1 1.1b 

  (2)  

(3 marks) 

Notes: 

 
Mark (a) and (b) as one 
   
(a) 

B1:  States that 
6.3

2.1

2 dxx∫  or equivalent such as 
6.3

1

2.1

2 dx x
−∫ but must include the limits and the dx. 

         Condone dx x↔δ  as it is very difficult to tell one from another sometimes 
(b) 

M1: Know that 1 d lnx x
x

=∫ and attempts to apply the limits (either way around)  

        Condone  2 d lnx p x
x

=∫  (including p = 1) or 2 d lnx p qx
x

=∫  as long as the limits are applied. 

        Also be aware that 
22 d lnx x

x
=∫  , 2 d 2lnx x c

x
= +∫  and 2 d 2lnx cx

x
=∫  o.e. are also correct 

        [ ]6.3

2.1
ln ln 6.3 ln 2.1p x p p= −  is sufficient evidence to award this mark 

A1:  CSO ln 9 . Also answer = 
2

ln 3  so k = 9 is fine. Condone ln 9    

        The method mark must have been awarded. Do not accept answers such as 39.69ln 4.41
 

Note that solutions appearing from ''rounded'' decimal work when taking lns should not score the          
        final mark. It is a ''show that'' question 

        E.g. [ ] 2.1976.3

2.1
2 ln 2ln 6.3 2ln 2.1 2.197 ln e 8.998 9x k k= − = = ⇒ = = =  
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  

12.		 In this question you must show all stages of your working.

		  Solutions relying on calculator technology are not acceptable.

	 Show that 

x x x a b3 8

1

2

ln d e
e

� ��
	 where a and b are rational constants to be found.

(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



Question Scheme Marks AOs 

12  4 4
3 1ln d ln d4 4

x xx x x x xx= − ×∫ ∫   

 
M1 1.1b 

                     ( )
4 4

ln4 16
x xx c= − +  

M1 
A1 

1.1b 
1.1b 

2
e

3

1
ln dx x x∫

2e
4 4 8 8 4

2

1

e e 1ln ln e4 16 4 16 16
x xx

     
   = − = − − − 
         

 M1 2.1 

                                                            87 1e16 16= +  A1 1.1b 

  (5)  

(5 marks) 

Notes: 
M1: Integrates by parts the right way round. 

        Look for  4 4 1ln dkx x kx xx− ×∫  o.e. with k >0 . Condone a missing dx 

M1:  Uses a correct method to integrate an expression of the form  44 1 dkx x c xx× →∫  

A1:  3 ln dx x x∫
4 4

ln4 16
x xx= −  (+ c)  which may be left unsimplified 

M1:  Attempts to substitute 1 and 2e into an expression of the form 4 4lnpx x qx± ± , subtracts and uses 
2ln e 2= (which may be implied).   

A1: 87 1e16 16+  o.e. Allow 80.4375e 0.0625+  or uncancelled fractions. NOT ISW: 87e 1+   is A0 

.............................................................................................................................................................. 
You may see attempts where substitution has been attempted. 

E.g. ln e
u

u x x= ⇒ =  and d ed
ux

u =   

M1:  Attempts to integrate the correct way around condoning slips on the coefficients    

 
4 4

3 4 e eln d e d d4 4

u u
ux x x u u u u= = −∫ ∫ ∫  

M1 A1: ( )
4 4

3 e eln d 4 16

u u

x x x u c= − +∫  

M1 A1: Substitutes 0 and 2 into an expression of the form 4 4e eu upu q± ±  and subtracts  
.............................................................................................................................................................. 
It is possible to use integration by parts ''the other way around'' 

To do this, candidates need to know or use ln d lnx x x x x= −∫  

FYI ( ) ( ) ( ) 43 3 2 3 3ln d ln ln 3 d ln 3 4I x x x x x x x x x x x x x x x x I x= = − − − × = − − +∫ ∫  

Hence 4 44 41 1 14 ln ln4 4 16I x x x I x x x= − ⇒ = −  

Score M1 for a full attempt at line 1 (condoning bracketing and coefficient slips) followed by M 1 for line 
2 where terms in I o.e. to form the answer.    
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  

16. 
y

4

C

R

xO

Figure 6

 	 Figure 6 shows a sketch of the curve C with parametric equations

x = 8 sin2 t        y = 2 sin 2t + 3 sin t        0  t  
π
2

	 The region R, shown shaded in Figure 6, is bounded by C, the x-axis and the line with 
equation  x = 4

	 (a)	 Show that the area of R is given by 

8 8 4 48 2

0
− +( )∫ cos sin cost t t t

a

d

		  where a is a constant to be found.
(5)

	 (b)	Hence, using algebraic integration, find the exact area of R.
(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



 
Question Scheme Marks AOs 

16 (a) Attempts  

( )d. 2sin 2 3sin 16sin cosd
xy t t t tt = + ×  and uses sin 2 2sin cost t t=  

 

M1 2.1 

 Correct expanded integrand. Usually for  one of     

( ) 2 248sin cos 16sin 2 dR t t t t= +∫    

                         ( ) 2 2 248sin cos 64sin cos dR t t t t t= +∫  

                         ( ) 224sin 2 sin 16sin 2 dR t t t t= +∫  

A1 1.1b 

          Attempts to use ( )2 2 2cos 4 1 2sin 2 1 8sin cost t t t= − = −   M1 1.1b 

             2

0
8 8cos 4 48sin cos d

a

R t t t t= − +∫      *          A1* 2.1 

  Deduces 
4
πa =   B1 2.2a 

  (5)  

(b) 2 38 8cos 4 48sin cos d 8 2sin 4 16sint t t t t t t− + = − +∫  M1 
A1 

2.1 
1.1b 

                                        43

0
8 2sin 4 16sin 2 4 2t t t

π

 − + = π+  
 

M1 
A1 

2.1 
1.1b 

 (4)  

(9 marks) 

Notes: 

 
(a)  Condone work in another variable, say t↔θ  if used consistently for the first 3 marks  

M1:  For the key step in attempting ( )d. 2sin 2 3sin 16sin cosd
xy t t t tt = + ×  with an attempt to use      

sin 2 2sin cost t t=    Condone slips in finding d
d
x
t

 but it must be of the form sin cosk t t  

          E.g. I      ( ) ( )d. 2sin 2 3sin sin cos 4sin cos 3sin sin cosd
xy t t k t t t t t k t tt = + × = + ×  

          E.g. II     ( ) ( )d. 2sin 2 3sin sin cos 2sin 2 3sin sin 2d 2
x ky t t k t t t t tt = + × = + ×  

 
A1:   A correct (expanded) integrand in t . Don't be concerned by the absence of ò  or dt or limits 

            ( ) 2 248sin cos 16sin 2 dR t t t t= +∫   or ( ) 2 2 248sin cos 64sin cos dR t t t t t= +∫  

            but watch for other correct versions such as ( ) 224sin 2 sin 16sin 2 dR t t t t= +∫  

 
 
 
 



M1: Attempts to use 2cos 4 1 2sin 2t t= ± ±  to get the integrand in the correct form. 

         If they have the form 2sin 2P t  it is acceptable to write ( )2sin 2 1 cos 42
PP t t= ± ±  

         If they have the form 2 2sin cosQ t t  sight and use of sin 2t  and/or  cos 2t will usually be seen first. 
          There are many ways to do this, below is such an example

2 2
2 2 1 cos 2 1 cos 2 1 cos 2 1 cos 2 1 1 cos 4sin cos 2 2 4 4 4 4 8

t t t t tQ t t Q Q Q Q
   − + − +       = = = − = −              

 

Allow candidates to start with the given answer and work backwards using the same rules.                        
So expect to see 

2
cos 4 1 2 sin 2t t= ± ± ×  or 

2
cos 4 2 cos 2 1t t= ± × ± before double angle identities for 

sin 2t  or  cos 2t are used.  
A1*: Proceeds to the given answer with correct working. The order of the terms is not important. 
         Ignore limits for this mark. The integration sign and the dt must be seen on their final answer.   
         If they have worked backwards there must be a concluding statement to the effect that they  
         know that they have shown it. The integration sign and the dt must also be seen 

         E.g. Reaches 2 2 248sin cos 64sin cos dt t t t t+∫    

          
            Answer is  
 
 
 
 
 
 
                                     which is the same,  

B1: Deduces 
4
πa = . It may be awarded from the upper limit and can be awarded from (b)  

(b) 
M1:  For the key process in using a correct approach to integrating the trigonometric terms.  
          May be done separately. 
         There may be lots of intermediate steps (e.g. let u = sin t) . 
         There are other more complicated methods so look carefully at what they are doing.     

       2 38 8cos 4 48sin cos d ... sin 4 sint t t t P t Q t− + = ± ±∫  where P and Q are constants 

A1: ( )2 38 8cos 4 48sin cos d 8 2sin 4 16sint t t t t t t c− + = − + +∫  

         If they have written 316sin t  as 316sin t only award if further work implies a correct answer.  
Similarly, 8t may be written as 8x. Award if further work implies 8t, e.g. substituting in their limits. 
Do not penalise this sort of slip at all, these are intermediate answers. 

M1: Uses the limits their a and 0 where , or6 4 3a =
π π π  in an expression of the form  3sin 4 sinkt P t Q t± ±  

leading to an exact answer. Ignore evidence at lower limit as terms are 0 

A1:   CSO  2 4 2π+  or exact simplified equivalent such as 
82
2

π+  or 2 32π+ .  

Be aware that ( )4 2 3

0
8 8cos 4 48sin cos d 8 sin 4 16sint t t t t t t c

π

− + = λ + +∫ + would lead to the 

correct answer but would only score M1 A0 M1 A0 

( )

2

2 2

2 2

2 2 2

8 8cos 4 48sin cos d

8 8 1 2sin 2 48sin cos d

16sin 2 48sin cos d

64sin cos 48sin cos d

t t t t

t t t t

t t t t

t t t t t

− +

= − − +

= +

= +

∫
∫
∫
∫
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5.	 The table below shows corresponding values of x and y for  y = log3 2x

	 The values of y are given to 2 decimal places as appropriate.

x 3 4.5 6 7.5 9

y 1.63 2 2.26 2.46 2.63

	 (a)	 Using the trapezium rule with all the values of y in the table, find an estimate for 

log
3

3

9

2x xd∫
(3)

	 Using your answer to part (a) and making your method clear, estimate

	 (b)	 (i)	 log
3

10

3

9

2x x( )∫ d

		  (ii)	 log
3

3

9

18x xd∫
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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Question Scheme Marks AOs 

5(a)          States or uses 1.5h =  B1 1.1a 

Full attempt at the trapezium rule 

= ( ){ }... 1.63 2.63 2 2 2.26 2.462 + + × + +  M1 1.1b 

= awrt 13.3 or 531
40

 A1 1.1b 

 (3)  
 (b)(i) 

( )
9

10
3

3

log 2 d 10 "13.3" awrt133x x = × =∫  or e.g. 531
4

 B1ft 2.2a 

(ii) 
( )

9 9 9

3 3 3
3 3 3

log 18 d log 9 2 d 2 log 2 dx x x x x x= × = +∫ ∫ ∫  

[ ]
9 9

9

3 33
3 3

2 log 2 d 18 6 log 2 d ...x x x x x= + = − + =∫ ∫  
M1 3.1a 

Awrt 25.3 or 1011
40

 A1ft 1.1b 

 (3)  
(6 marks) 

Notes: 
 

(a) 
B1: States or uses 1.5h =  
M1: A full attempt at the trapezium rule.  

        Look for ( ){ }their 1.63 2.63 2 2 2.26 2.462
h

+ + × + +  but condone copying slips 

        Note that ( )their 1.63 2.63 2 2 2.26 2.462
h

+ + × + +  scores M0 unless the missing brackets are  

        recovered or implied by their answer. You may need to check. 
        Allow this mark if they add the areas of individual trapezia e.g. 

        { } { } { } { }their their their their1.63 2 2 2.26 2.26 2.46 2.46 2.632 2 2 2
h h h h

+ + + + + + +  

        Condone copying slips but must be a complete method using all the trapezia. 
A1: awrt 13.3 (Note full accuracy is 13.275) or exact equivalent. 
  Note that the calculator answer is 13.324 so you must see correct working to award awrt 13.3 
  Use of 1.5h = − leading to a negative area can score B1M1A0 but allow full marks if then stated as  
  positive. 
(b)(i) 

B1ft: Deduces that ( )
9

10
3

3

log 2 d 10 "13.3" awrt 133x x = × =∫  

            FT on their 13.3 look for 3sf accuracy but follow through on e.g. their rounded answer to part  
          (a) so if 13 was their answer to part (a) then allow 130 here following a correct method.  
          A correct method must be seen here but a minimum is e.g. 10 × “13.3” = “133” 

          Note that ( )
9

10
3

3

log 2 d 133.2414316...x x =∫ so a correct method must be seen to award marks. 

         Attempts to apply the trapezium rule again in any way score M0 as the instruction in the  
         question was to use the answer to part (a). 
 
 
 
 



 
(b)(ii) 
 M1: Shows correct log work to relate the given question to part (a)  

         Must reach as far as e.g. [ ]
9

9

33
3

2 log 2 d ...x x x+ =∫ with correct use of limits on [ ]9

3
2x  which  

         may be implied or equivalent work e.g. finds the area of the rectangle as 2 6×  
A1ft: Correct working followed by awrt 25.3 but ft on their 13.3 so allow for 12 + their answer to  
          part (a) following correct work as shown. 

          Note that 
9

3
3

log 18 d 25.32414...x x =∫ so a correct method must be seen to award marks. 

          Some examples of an acceptable method are: 

         ( )
9 9 9

3 3 3
3 3 3

log 18 d log 9 2 d 2 log 2 d 6 2 "13.3" 25.3x x x x x x= × = + = × + =∫ ∫ ∫  

         ( )
9 9 9

3 3 3
3 3 3

log 18 d log 9 2 d 2 log 2 d 12 "13.3" 25.3x x x x x x= × = + = + =∫ ∫ ∫  

          ( ) [ ]
9 9 9 9

9

3 3 3 33
3 3 3 3

log 18 d log 9 2 d 2 log 2 d 2 log 2 d 25.3x x x x x x x x x= × = + = + =∫ ∫ ∫ ∫  

           BUT just 12 "13.3" 25.3+ = scores M0 

           Attempts to apply the trapezium rule again in any way score M0 as the instruction in the  
           question was to use the answer to part (a). 
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14.	(a)	 Express  3

2 1 1( )( )x x− +
  in partial fractions.

(3)

	 When chemical A and chemical B are mixed, oxygen is produced.

	 A scientist mixed these two chemicals and measured the total volume of oxygen 
produced over a period of time.  

	 The total volume of oxygen produced, V m3 , t hours after the chemicals were mixed, is 
modelled by the differential equation

d
d
V
t

 = 
3

2 1 1

V
t t( )( )− +

            V  0      t  k

	 where k is a constant. 

	 Given that exactly 2 hours after the chemicals were mixed, a total volume of 3 m3 of 
oxygen had been produced, 

	 (b)	 solve the differential equation to show that

V = 
3 2 1

1

( )

( )

t
t

−
+

(5)

	 The scientist noticed that 

•	 there was a time delay between the chemicals being mixed and oxygen 
being produced

•	 there was a limit to the total volume of oxygen produced

	 Deduce from the model   

	 (c)	 (i)	 the time delay giving your answer in minutes,

		  (ii)	the limit giving your answer in m3

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________



 

Question Scheme Marks AOs 

14(a) 3 ..., ...
(2 1)( 1) 2 1 1

A B A B
x x x x

= + ⇒ = =
− + − +

 M1 1.1b 

Either  2A =  or 1B = −  A1 1.1b 

3 2 1
(2 1)( 1) 2 1 1x x x x

= −
− + − +

 A1 1.1b 

 (3)  
(b) 1 3d d

(2 1)( 1)
V t

V t t
=

− +∫ ∫  B1 1.1a 

( ) ( )( )2 1 d ...ln 2 1 ...ln 1
2 1 1

t t t c
t t

− = − − + +
− +∫   M1 3.1a 

( ) ( )( )ln ln 2 1 ln 1V t t c= − − + +  A1ft 1.1b 

Substitutes ( )2, 3 ln 3t V c= = ⇒ =  M1 3.4 

( ) ( )ln ln 2 1 ln 1 ln 3V t t= − − + +  

( )
( )

3 2 1
*

1
t

V
t

−
=

+
 

A1* 2.1 

 (5)  

 

(b) Alternative separation of variables:   
1 1d d

3 (2 1)( 1)
V t

V t t
=

− +∫ ∫  B1 1.1a 

( ) ( )( )1 2 1 d ...ln 2 1 ...ln 1
3 2 1 1

t t t c
t t

− = − − + +
− +∫  M1 3.1a 

( ) ( )( )1 1 1ln 3 ln 2 1 ln 13 3 3V t t c= − − + +  A1ft 1.1b 

Substitutes 12, 3 ln 33t V c  = = ⇒ =  
 

 M1 3.4 

( ) ( )1 1 1 1ln ln 2 1 ln 1 ln 33 3 3 3V t t= − − + +  

( )
( )

3 2 1
*

1
t

V
t

−
=

+
 

A1* 2.1 

 (5)  
(c) (i) 30 (minutes) B1 3.2a 

(ii) 6 (m3) B1 3.4 
 (2)  

(10 marks) 
Notes: 

(a) 
M1: Correct method of partial fractions leading to values for their A and B  

        E.g. substitution: 
3 3 ( 1) (2 1) ..., ...

(2 1)( 1) 2 1 1
A B A x B x A B

x x x x
= + ⇒ = + + − ⇒ = =

− + − +
 

        Or compare coefficients ( )3 3 2 ..., ...
(2 1)( 1) 2 1 1

A B x A B A B A B
x x x x

= + ⇒ = + + − ⇒ = =
− + − +

 

        Note that 
3 3 (2 1) ( 1) ..., ...

(2 1)( 1) 2 1 1
A B A x B x A B

x x x x
= + ⇒ = − + + ⇒ = =

− + − +
 scores M0 



A1:  Correct value for “A” or “B” 

A1: Correct partial fractions not just values for “A” and “B”. 2 1
2 1 1x x

−
− +

 or e.g. 2 1
2 1 1x x

−
+

− +
  

       Must be seen as fractions but if not stated here, allow if the correct fractions appear later. 
(b) 

B1: Separates variables 1 3d  d
(2 1)( 1)

V t
V t t

=
− +∫ ∫ . May be implied by later work. 

       Condone omission of the integral signs but the dV and dt must be in the correct positions if  
      awarding this mark in isolation but they may be implied by subsequent work. 
M1: Correct attempt at integration of the partial fractions.  
        Look for  ( ) ( )...ln 2 1 ...ln 1t t− + + where … are constants. 
        Condone missing brackets around the (2t – 1) and/or the (t + 1) for this mark 
A1ft: Fully correct equation following through their A and B only. 
         No requirement for +c here. 
         The brackets around the (2t – 1) and/or the (t + 1) must be seen or implied for this mark 
M1: Attempts to find ''c'' or e.g. “ln k” using  2, 3t V= = following an attempt at integration. 
        Condone poor algebra as long as 2, 3t V= = is used to find a value of their constant. 
        Note that the constant may be found immediately after integrating or e.g. after the ln’s have  
        been combined. 

A1*: Correct processing leading to the given answer 
( )
( )

3 2 1
1

t
V

t
−

=
+

 

Alternative:  

B1: Separates variables 1 1d d
3 (2 1)( 1)

V t
V t t

=
− +∫ ∫ . May be implied by later work. 

       Condone omission of the integral signs but the dV and dt must be in the correct positions if  
      awarding this mark in isolation but they may be implied by subsequent work. 
M1: Correct attempt at integration of the partial fractions. 
        Look for  ( ) ( )...ln 2 1 ...ln 1t t− + + where … are constants. 
        Condone missing brackets around the (2t – 1) and/or the (t + 1) for this mark 
A1ft: Fully correct equation following through their A and B only. 
          No requirement for +c here. 
         The brackets around the (2t – 1) and/or the (t + 1) must be seen or implied for this mark 
M1: Attempts to find ''c'' or e.g. “ln k” using  2, 3t V= = following an attempt at integration. 
        Condone poor algebra as long as 2, 3t V= = is used to find a value of their constant. 
        Note that the constant may be found immediately after integrating or e.g. after the ln’s have  
        been combined. 

A1*: Correct processing leading to the given answer 
( )
( )

3 2 1
1

t
V

t
−

=
+

 

(Note the working may look like this: 

             ( ) ( ) ( )1 1 1 1 1 1 1ln 3 ln 2 1 ln 1 , ln 9 ln 3 ln 3 , ln 93 3 3 3 3 3 3V t t c c c= − − + + = − + =  

                  
( )
( )

( )
( )

( )
( )

9 2 1 9 2 1 3 2 1
ln 3 ln 3 *

1 1 1
t t t

V V V
t t t

− − −
= ⇒ = ⇒ =

+ + +
) 

 Note that B0M1A1M1A1 is not possible in (b) as the B1 must be implied if all the other marks 
have been awarded. 
Note also that some candidates may use different variables in (b) e.g.  

( )( )
d 3 1 3d d
d 2 1 1 (2 1)( 1)
y y y x
x x x y x x

= ⇒ =
− + − +∫ ∫  etc. In such cases you should award marks for 

equivalent work but they must revert to the given variables at the end to score the final mark. 
Also if e.g. a “t” becomes an “x” within their working but is recovered allow full marks. 
 
 



 
(c) 
B1: Deduces 30 minutes. Units not required so just look for 30 but allow equivalents e.g. ½ an hour. 
       If units are given they must be correct so do not allow e.g. 30 hours. 
B1: Deduces 6 m3. Units not required so just look for 6. Condone V < 6 or V ≤ 6 
       If units are given they must be correct so do not allow e.g. 6 m. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 




