FS1Ch7 XMQs and MS

(Total: 98 marks)

FS1 2020 (03] 13 marks - FSlch7 Probability generating functions
FS1 2021 03] 14 marks - FSlch7 Probability generating functions
FS1_ 2022 03] 14 marks - FSlch7 Probability generating functions
FS1 2023 Q@ . 13 marks - FSlch7 Probability generating functions
FS1 2024 (03] 16 marks - FSlch7 Probability generating functions
FS1_Sanpl e (03] 14 marks - FSlch7 Probability generating functions
FS1 Specimen 4 14 marks - FSlch7 Probability generating functions
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6. A discrete random variable X has probability generating function given by

1
G ()= — (a+ bty
where a and b are positive constants.

(a) Write down the value of P(X = 3)

25

Given that P(X=4) = 7

(b) (i) find P(X = 2)
(i) find ECY)

The random variable Y= 3X+ 2

(c) Find the probability generating function of Y
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Question Scheme Marks | AOs
6(a) P(X=3)=0 B1 1.1b
(1)
(b)(i) Coefficient of t* = L b? M1 2.1
ab’ =& M1 1.1b
b=5 (reject b=—5 since b >0) Al 2.3
G, (=1
1X(),, . M1 2.1
a(a+ 5 ) =1
a=23 (reject a=-13 sincea>0) Al 1.1b
P(X = 2) = coefficient of t*= & (2ab) M1 3.4
=% Al 1.1b
()
(ii) E(X)=G} (1) M1 2.1
G, (t) =2 ("3"+"5"t*) x"10"t or
w () =4 ( ) % X M1 11b
Gy (t) =& ("60"t+"100"t%)
Gi(1)=25 Alft 1.1b
3)
(©) Gy (t) =t°G, ()[= & (a +b(t*)*)’] M1 3.1a
G, (t) =5 ("3"+"5"t%)? Alft 1.1b
)
(13 marks)
Notes
(a) B1: 0 (Since there is no term in t°)
(0)(A) | M1: Realising that L b?, the coefficient of t*, is needed
64
M1: Equating their coefficient of t*to 2 with an attempt to find b
Al: b=5only
M1: Realising that G, (1) =1 is required
Al:a=3only
M1: Finding coefficient of t° with theira>0and b >0
Al: 3 (condone awrt 0.469)
(b)(ii) M1: Realising G’ (1) is needed
M1: Attempt to differentiate G, (t) with their values of a and b
Alft: 2.5 (ft (3sf) their values of aand b, a>0and b > 0) E(X) = 2=
Alternative:
M1: Realising X =0, 2 and 4 only
M1: [0 xP(X = 0)] + 2xP(X = 2) + 4xP(X = 4)
MA1: either G, (t°) or xt’or using Y = 2, 8, 14
© Alft: ft their valuesof aand b,a>0and b >0

GY (t) :a "3"+"5"t6)2 or GY (t) :é_2(||9||+||30||t6 +"25"t12) or
G, () = & (97 "+ 30"t +"25"1'%)
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6. The probability generating function of the random variable X is
G, (1) = k(1 + 2ty
where £ is a constant.

1
(a) Show that k= a3

2
: @)
(b) Find P(X=2)
(2)
(c) Find the probability generating function of W=2X+3
(2)
The probability generating function of the random variable Y is
t(1+ 2t)?
G=""g"
Given that X and Y are independent,
(d) find the probability generating function of U =X+ Y in its simplest form. :
/
(e) Use calculus to find the value of Var(U) "
o
B

18

P 6 6 7 9 9 A 0 1 8 2 4
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Question Scheme Marks @ AOs
6(a) Gx(1)=1 M1 | 21
1 Al*cso
=1 k=—* ,
kx3> =1 243 @) 1.1b
(b) | P(X =2) is coefficient of t 50 Gx (t) = k(...+5C2(2t)2+...) M1 | 1.1b
40 Al
P(X=2)=— ,
( ) 243 @ 1 1b
(c) _t :
G, (t)—%(1+2(t2)) ML | 3.la
_t 2\5 Al
Gu (t)—%(l+2t ) @ | LI
(d) 1 t(1+2t)*
GU (t) :%(1+2t)5x ( ) M1 3.1a
7
_t(1+2t) AL
2187 )
6 7
(e) GU,(t):l4t(l+2t) +(1+2t) M1 ’1
2187 2187
Gu'(1)=% Alft | 1.1b
5 6 6
GU,,(t):168t(1+2t) +14(1+2t) +14(1+2t) ML | 21
2187 2187 2187
G, (1)=28 Al | 11b
2
Var(U):"28"+"£"—("£"j M1 | 21
3 3
14 Al
-2 11
9 (6) b
ALT(e) | G,"(t)=A(l+2t)’ M1
GX'(l):Eand G," (1)=@ Alft
3 9
G," (t)=H(8+24t) M1
GY'(l):Zand G,” (1)=2 Al
3 9
Using G," (1)+ G’ (1)—(GU' (1))2 to find Var(X) , Var Y and Var U M1
% or awrtl.56 Al

(14 marks)
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Notes:
@) Stating Gx(1) =1 eg Gx(1)=k(1+2°=1 k(1+2)°=1
ML Allow Verification  —1x3° =1
243
AL Fully correct proof with no errors Substituting t =1
" | Verification need therefore Gx(1) = 1
(b) | M1: | Attempting to find the coefficient of t2
Al: 40 or awrt 0.165
243
© M1 Realising the need to multiply through by t®or subst t?for t
. t’ 2\° t° 2 4 6 8 10
Al ——(1+2t") oe eg ——(1+10t*+40t" +80t° +80t° +32)
243 243
(d) | Mm1: | Realisingtheneedtouse G, (t) =G, (t)xG, (t)
7
AL- t(1+2t) oe
2187
(e) For an attempt to differentiate G (u) e.g G, (t) = At(1+ 2t)6 +B(1+ 2t)7 ft their
M1:
part(d) if in the form kt(1+2t)" where n>5
Alft: % or awrt 5.67
For attempting second derivative eg G,," (t)=Ct(1+2t)’ +D(1+ 2t)6 ft their
M1:
part(d) if in the form kt(1+2t)" where n>5
Al 28
2
M1: | Using G," (1)+GU'(1)—(GU'(1)) ft their values
Al: % or awrtl.56
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4 R
6. The discrete random variable }" has probability distribution
v 2 3 4 S
9o | 12 | 4 g
P(V'=v) o o e =
25 25 25 S
(a) Show that the probability generating function of V' is < \§
S
2 3Y o
— 21 = = OREEX
G, (1) =t (5t+5) =
(2) S
-
The discrete random variable W has probability generating function \/§
-
2 3Y s
G, ()=t|Zt+= S5
(b) Use calculus to find s
o
(i) E7) _
(2) S
s
(ii) Var() =
@ 2
Qqﬁ‘v
Given that V" and W are independent, S
(c) find the probability generating function of X = V' + W in its simplest form.
(2)
The discrete random variable ¥ =2X+ 3
(d) Find the probability generating function of ¥
(2)
(e) Find P(Y = 15)
@) :
\_ ) X

16

AR TR o
P 6 91 9 4 A 0 1 6 2 4
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Question Scheme Marks AOs
6(6[) 9 2 12 3 4 4 2
G,(t)=—t"+—1t"+—t or t°|—+—t+—t
() =gt + ot or M1 1.1b
2
= Z(EHEJ * Al*cso 2.1
5 5
(2)
b)) | G '(t)—2t(2t+§j4+(gt+§)s M1 | 21
v 5 5 5 5 '
6,/ (1)-] 2 Al | 11b
4 3
(i) GW"(t):Z(gHg) +§t(3t+§j +2( M1 2.1
5 5) 515 5 5
GW"(1)=3—56 Al | 11b
Var(W)="3—;"+"3"—( <l M1 2.1
6
=— Al | 1.1b
5
(6)
() Gy (1) —tz(gt+§j2xt(gt §)5 M1 | 3.1la
X 5 5 5 5 '
7
:t3(gt+§J Al 1.1b
5 5
(2)
2., 3Y
d G, (t)=t3x(t? Sx(—t2+—j M1 3.1a
@ G()=x(t) x| gt
7
—t9[2t2+§j Al 1.1b
5 5
(2)
3
P(Y = 15)is coefficient of t*ie ...+t°x 703(—t2j (
(e) M1 | 1.1b
or P(X =6) need coefficientof t°i.e. ...
22680 4536
P(Y = 15)= = =0.290304 ,
i ) ]78125 15625 Al | 11D
(2)

(14 marks)
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Notes:
(@) | M1 | A correct un-simplified pgf based on ZtVP(\/ =V)

Al* | cso must see an un-simplified version i.e. M1 scored and no incorrect working seen
(b) ML Differentiating using the product rule to findG,,’ (t) Allow un-simplified e.g. 5x§t
i
® Need two terms added and at least one correct. If they expand we need 3 correct.

Al | 3 from acorrect derivative
(i) | 1M1 Attempt G,," (t) fttheir G, (t)[must be at least 2 terms or a product], one correct ft

term, same rule for differentiating a product
1AL % or 7.2 from a correct derivative
2

2m1 | G," (1)+GW'(1)—(GW'(1)) ft their G,,” (t) if different from G, (t) and G, (t)

2dA1 | Dep on M3A2 g orl.2
(c) ' M1 | Realising the needtouse G, (t) =G, (t)xG,, (t)

7
Al |t (gt + §J
5 5
(d) | M1 | Realising the need to multiply through by t3 or substitute t*for t or sight of t°G, (t°)
(2., 3Y L
Al t gt +§ oe Need not be in its simplest form
M1 | Attempting to find correct coefficient of t"or identify Y =2 J + 9 where J ~ B(7, 0.4)
(e) Need an expression can ft their G, (t) or G, (t) of the form t" (at™ +b)*
Allow a statement that P(Y = 15) = 0 if it follows from their pgf
Al | For acorrect exact answer or allow awrt 0.2903 Allow 0.29 from correct expression

Alternative for (b)

(b)
(i)

(i)

SC

W =P +1where P ~ B(5,0.4) so Var (W) = Var(P)

: 2. 3
Gy (1)=2+1=3 Al | 11b
] 16(2, 3 . .., 16 M1, | 2.1
G “)—E(g”gj G (V=5 Al 11
16 2 6 M1; | 2.1
Y —nrgppno(M2M) T =2 ’
arw) 5 (r27)" 5 Al 1.1b

MR They use G, (t) instead of G, (t) Provided some correct differentiation seen:

Award B1 for E(V) = % and B1 for Var(V) = % score as MOA1IMOAOMOA1
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6. The discrete random variable X has probability generating function

t2

G -
x ) (3-2)

(a) Specify the distribution of X

(2)
A fair die is rolled repeatedly.
(b) Describe an outcome that could be modelled by the random variable X
(1)
(c) Use calculus and G (?) to find
(i) E()
(i) Var(X)
(7)
The discrete random variable Y has probability generating function
B t 10
&= (3-20)
(d) Find the exact value of P(Y = 19)
3)
.
18
M 00 0 O D O OO =
P 7 4 0 8 0 A0 1 8 2 4
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Qué6 Scheme Marks AO
NegBin(r, p) has pgf m and identify the connection Ml 2.1
NegBin(2, 1) Al 2.2a
2)
(b) | e.g. no. of rolls to achieve 5 or 6 (so that p =1 ) twice (oe) Blft 33
¢y
(©)@) —26)* — (- —20)¢
G (1) = 2t(3-2t)" —( 2)>;2(3 2t)t or 6t : M1 2.1
(3-21) (3-21) Al 1.1b
EX)=G,(D)= 6 Al 1.1b
(i) 6(3—21)° —(-2)x3(3-2¢)* x 6t 18 +24¢
G, (1) = 8720 ~ (236207 <6 d MI 2.1
(3-21) (3-21)
G ()=42 Al 1.1b
Var(X) = “42” +“6” -"6" M1 1.1b
=12 Al 1.1b
Q)
(@) 1l 2.7 ", 234 2
G,()=t"x=|1-=¢ = |1+.—= 22| £ 2.1
y () Xg[ 3 i| 9 31 ( 3] ML Al 1.1b
32
P(Y=19) = — Al 1.1b
243
3
ALT | Identify that Y =3X+4 Ml
. A1 2)(1
(Y=19 requires X=5s0 ) P(X=5)= === Al
IA\3)\3)\3
(13 marks)
Notes
(a) | M1 for identifying the NegBin distribution (allow NB for NegBin)
Al forr=2andp= 5
(b) | B1ft for identifying a suitable definition for X using a (fair) die, with p = 1 and the second
occurrence of the event, only ft their NegBin distribution in (a). A finite number of rolls is BO
(c)(i) | 1°* M1 for attempt to differentiate quotient or product. At least one uv’ style term correct.
1 A1 for a fully correct first derivative (needn’t be simplified)
2" A1 for E(X) =6 NB this Al depends on M1 only but MIAOAL is possible
(ii) | 2" M1 for attempt to diff> quotient or product again. At least one uv’ style term correct.
34 A1 for 42 (may be given for incorrect G” provided their G” (1) gives 42 and M1 scored)
Note all powers of (3 — 2¢) equal 1 when ¢ = 1 is substituted so can be used as a check
3rd M1 for correct use of pgf to find Var(X)
4™ A1 dep on M3 for 12
(d) | M1 for writing pgf in suitable form to carry out binomial expansion

1 A1 for a correct expression for coefficient of ¢'

2" A1 for 22 or exact equivalent
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ALT | M1 for identifying connection ¥ =3X+4
1" Al for a correct numerical probability expression for P(X =5)
Qu7 Scheme Marks AO
(@)@ | X~Geo(0.2) or P(X=4)=0.8"x0.2 M1 3.3
=0.1024 Al 1.1b
(2)
(i) : ZA PR
T~NegBin(3,0.2) or P(T'=8)= 5 0.2°x0.8°x0.2 Ml 33
=0.05505... awrt 0.0551 Al 1.1b
(2)
(iii) 10 . s
F~B(10,0.2) or P(F=4)= 4 0.2"x0.8 M1 33
P(F=4) = 0.088080... awrt 0.0881 Al 1.1b
(2)
(b) | P(R) =P(X <4) and X~Geo(0.2) PX>1), X~B(4,0.2) M1 3.1b
=1-P(X>4) =1-0.8 =1-P(Y=0) =1-0.8" Ml 3.4
=0.59(04) | Al 1.1b
P(Y)=P(N < 7) and N ~NegBin(3, 0.4) M1 3.1b
3 3 3 1
04 + 04°0.6 +
2
ogoe +[ osoe 7 7 7 Ml 3.4
2] 27 1- 0.4°0.6° + 0.4'0.6° + 0.6’ :
2 1 0
6
+( j0.430.64
2
ALT P(Y) =P(W > 2) where W~B(7, 0.4) Ml
=1-P(W < 2)[=1-0.419904] M1
=0.58(0096) | Al 1.1b
R (has the greater probability) | Al 3.2b
@)
(13 marks)
Notes
(a)(i) | M1 for selecting the correct model. Stated or used which may be implied by ans.
Al for0.1024 or & (accept 0.102) (correct answer scores 2 out of 2)
(ii) | M1 for selecting the correct model. Stated or used which may be implied by ans.
Allow 0.2 x P(V' =2) from V' ~B(7, 0.2)
Al forawrt 0.0551 (correct answer scores 2 out of 2)
(iii) | M1 for selecting the correct model. Stated or used may be implied by ans of 0.967(2)
Al forawrt 0.0881  (correct answer scores 2 out of 2)
(b) | 1 M1 for a correct distribution and prob. expression for P(R) (may be implied by 2" M1)

2" M1 for a correct numerical expression for P(R) (allow any equivalent expression)
I A1 for awrt 0.590 or 2% (accept 0.59 or better) awrt 0.590 implies MIM1A1

625
3" M1 for a correct distribution and prob. expression for P(Y) (may be implied by 4" M1)
4™ M1 for a correct numerical expression for P(Y) (allow any equivalent expression)
24 A1 for awrt 0.580 or (accept 0.58 or better) awrt 0.580 implies MIMI1A1
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r N %
6. The random variable X has probability generating function G (¢) where
(a) Use calculus to find Var(X) 7*\\\
Show your working clearly. g;
©® |3
(b) Find the exact value of P(X < 2) \\E\
“) g
X
The independent random variables X, and X, each have the same distribution as X Qg\
The random variable Y =X + X +1
(c) By finding the probability generating function of Y, state the name of the
distribution of ¥
“4)
(d) Hence, or otherwise, find P(X, + X, > 5)
(2)
\_ Y
16
VD0 AR "o
P 7 2 7 9 7 A 0 1 6 2 4
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Qu Scheme Mark AO
6 L 3 2 ; ML |21
@) | [Gy(n=(4=30 23] G(n) =—(4-30 21 [SOE(X)=] Gy(n == Al |11b
. 27 —% ) . 27 M1; 2.1
Gy(n) == -(4=30 2 ;S0G(1)=— Alft | 1.1b
Var(X) = 2Lo g v 20 _ ( 3, )2; - 6 M1; | 1.1b
4 2 2 Al 1.1b
(6)
(b) | Using Maclaurin: Using Binomial:
G.(0) 1
X ={i}x"2—7"xi [Gx(r)=}i(1-3¢] 2 mi |21
2! 2 4 32 2 4
g lo21 1 21 1 =27 3 27
[P(X—Q)— EXTXE;—Z{—E] 5_’_( 2)2( 2)(_;:.!}_'_“_ [...+gr +:| Al 1.1b
1 3
1 _ ===
[P(x=0) +P(x=1) =] RN S+ 2ot w(_ it)z_,_m] M1 2.1
2 g8 2 2 4
P(X<2)= -2 P(X <2)= 2 Al |11b
256 256
© 1 (4)
C) 1[G (=G, (1)xG, (1) xt= X Xt - G(f) == M1; 3.1a/2.1
v i "2 ] Ja-3t J4=3r 90 4— 3¢ Al 1.1b
1 I
— —t
4 4 : 1 M1 2.1
== == ; Y ~ Geo(—
N T e Al |32a22a
4 4
1 (4)
(@) | p(y > 6) = (1_ _]6- = =0.177978... rt 0.178 M1
(Y >6) T T awrt 0.178 Al 3.4,1.1b
2)
Notes (16 marks)
(@) | 1tM1  for attempt to differentiate leading to k( 4— 37) =1-5; 1% A1 for E(X) = 1.5 or exact equivalent
24 M1 for attempting to differentiate again leading to m( 4— 37) =23
2" A1ft for % or correct ft from their k provided both Ms are scored
3" M1 for a correct method for finding Var(X); can ft their % and their %
39A1 for6
(0) | 15t M1 for Maclaurin to find P(X = 2) condone " % "X é[% 01-0.2109375]
or putting in the form a(1- 0.757) =93
18t Al for a correct unsimplified prob for P(X = 2) (may be in binomial expansion) Allow 0.105(468...)
2" M1 for use of pgf to find P(X = 1) and P(X = 0) or attempt 1% 3 terms of bin expansion
2" A1 for g or exact equivalent.
(c) | 1t M1 for using product of pgf or multiplication by t

1%t A1 for correct unsimplified form of pgf
2" dM1 (dep. on 1%t M1) for attempting to convert pgf to form given in the formula book
or for stating Geometric alongside a correct PGF for Y (may be unsimplified)
24 A1 for correctly deducing the distribution of Y as geometric with p = 0.25 [may be seen in (d)]
NB: Final Al dependent on previous marks being awarded.

(d)

M1 for attempting to use geometric formula or their pgf (using correct coefficients) ; Al for awrt 0.178
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6. The probability generating function of the discrete random variable X is given by
G, (t) = k(3 +1t+2r7)

1
Show that k= —
(a) Show tha 36

(b) Find P(X = 3)

29
(c) Show that Var(X) = =

(d) Find the probability generating function of 2.X + 1

Pearson Edexcel Level 3 Advanced GCE in Mathematics
Sample Assessment Materials - Issue 1 - June 2017 © Pearson Education Limited 2017
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Question Scheme Marks ‘ AOs
Q6(a) GX(l) =1 gives M1 2.1
1
kx6* =1 k=— * *
x SO % Al*cso | 1.1b
(2)
(b) P(X = 3) = coefficient of # so G ()= k(...+4t3...) M1 1.1b
1
[P(X=3)=] r Al 1.1b
(2)
() G, (1) =2k (3+1+267)x (1+4t) M1 2.1
E(X) = G, (1) =2k(3+1+2)x(1+4) Ml | Llb
=3 Al 1.1b
3 )
M1 2.1
Gt =2k[ 342420 ) x4+ (1+4¢ 2}
x (@) ( )X (L+4) Al 1.1b
49
G"(1)=2k[6x4+52] =§ M1 1.1b
Var(X) = G/ (1) + G’y (1) - [ Gy () :%%—% Ml 2.1
=20 Al* 1.1b
i CSO .
®
d t 2
@ sz+1(t)=£(3+t2+2(t2)2) [xt or sub 7 for f] M1 3.1a
t 2
=G,y ()= %(3”2 +214) Al | Llb
(2)
(14 marks)
Notes:

()

M1: Stating G, (1)=1

Al*: Fully correct proof with no errors cso

(b)

M1: Attempting to find the coefficient of 2. May be implied by obtaining ;— orawrt 0.11
Al: ;— , allow awrt 0.111

Pearson Edexcel Level 3 Advanced GCE in Mathematics
Sample Assessment Materials - Issue 1 - June 2017 © Pearson Education Limited 2017
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Question 6 notes continued:

(c)

differentiating
M1: Substituting 7= 1 into G,(?)

Al: % , allow awrt 1.67

M1: Attempting to find G(?)
Al K[ (3+0427)x4+(1+41) | or k(A8 +24+26) ovc.

Al:  2k[6x4+5%]0.€.
M1: Using G, () +G',(1)- [G’X(l)]2 to find the Variance

Al*: cho
18

M1: Attempting to find GX(t). Allow Chain rule or multiplying out the brackets and

(d)
M1: Realising the need to x¢ or sub # for ¢

Al: L(g 124 2;4)2 , Or L(9+6t2 +13t4 +44° +4t8)0.e.
36 36

Pearson Edexcel Level 3 Advanced GCE in Mathematics
Sample Assessment Materials - Issue 1 - June 2017 © Pearson Education Limited 2017
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-
4. The discrete random variable X ~ B(n, p) has probability generating function given by
G (1) = (0.4 + 0.61)

(a) Write down the value of n and the value of p

Using the probability generating function, find
(b) (i) P(X=1)

(i) E(X)
Two independent observations, X, and X, are taken from the distribution of X

The random variable Y = X + X,

(¢) Use calculus to show that E(Y?) = 6.72
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Question Scheme Marks AOs
4(a) _ _ B1 1.1b
n=2 and p=0.6 BI L 1b

(2)
(b)(@) | P(X=1) = coefficient of ¢  Gx(f) =0.16+0.48¢ + 0.36¢* M1 1.1b
P(X=1)=0.48 Al 1.1b

(2)

(i) E(X)=G%(D) M1 2.1
G (1) =2(0.4+0.6¢)x0.6 M1 1.1b
Gy()=12 Al 1.1b

3)
(c) GY(t)zGX(t)XGX(t)
G,(t)=(0.4+0.6t)" B1 3.1a
G (t) =4(0.4+0.6t)’ x 0.6 Ml 2.1
G,()=24 Al 1.1b
Gl (t)=7.2(0.4+0.6t)* x 0.6 Ml 21
Gy(1)=4.32 Al 1.1b
E(Y?)[= Var(Y) +[E(Y)]'] = G} (1) + G} (1) M1 1.1b
E(Y*)=24+432=6.72% Al*cso 1.1b
(7)
(14 marks)
Notes
@) 1Bl n=2
2Bl p=0.6
(b)(i) M1 Finding coefficient of ¢
Al 0.480e
(b)(ii) 1** M1 Realising G’y (1) is needed
274 M1 Differentiation
Al 1.2cao
B1 Correctuse of G, (1) =G, (£)xG, (¢)
1**M1 Differentiation to find G} (¢)
1Al Gy(1)=24
(©) 2" M1 Differentiation to find G} (¢)

2 AL Gl(1)=4.32
3" M1 Realising E(Y?*) =G/, (1)+G}(1)
3" Al*cso 6.72






