Practice examination questions for parabolas, ellipses

and hyperbolas

1. June 2005

8 The diagram shows a part of the curve

2 2
R

4 0

and a chord PQ of the curve, where P lies on the x-axis.

v 4 Q

0

(a) Write down the coordinates of P.

1. June 2006

242 =1

X~ — 4|y

can be obtained from the hyperbola 2=l

(b) The diagram shows the hyperbola /{ with equation

¥? 7)72 —4x+3=0

=y

(b) The gradient of the chord PQ is 2. Find the coordinates of Q.

7 (a) Describe a geometrical transformation by which the hyperbola

By completing the square, describe a geometrical transformation by which the
hyperbola / can be obtained from the hyperbola X 7712

1.

(1 mark)

(7 marks)

(2 marks)

(4 marks)
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June 2007

| | »
0 | '\ x
The diagram shows the curve with equation
2
* 2
+y 1
R
and the straight line with equation
x+y=2
LY \
0 x

(a)

Write down the exact coordinates of the points where the curve with equation
2

X 2 g %

— +»" = | intersects the coordinate axes. "
2 2 marks)

The curve is translated & units in the positive x direction, where & is a constant. Write
down, in terms of &, the equation of the curve after this translation. (2 marks)

Show that, if the line x + y = 2 intersects the transl: curve, the x-coordinates of the
Show that, if the line x + 2 intersects the translated curve, the x-coordinates of the
points of intersection must satisfy the equation

3x2 — 2k +4)x + (k2 4+6) =0 (4 marks)




(d) Hence find the two values of & for which the line x + v = 2 is a tangent to the
translated curve. Give your answer in the form p £ /g, where p and ¢ are integers.
(4 marks)

(¢) On Figure 3, show the translated curves corresponding to these two values of k.
(3 marks)

3. Jan 2008

5 The diagram shows the hyperbola

2
X 5
vy 1
77
and its asymptotes.
V A
A
0 *
B
(a) Write down the equations of the two asymptotes| (2 marks)

(b) The points on the hyperbola for which x = 4 are denoted by 4 and B.
Find, in surd form, the y-coordinates of A4 and B. (2 marks)
(c) The hyperbola and its asymptotes are translated by two units in the positive v direction.
(¢) The hyperbola and its asymptotes are translated by two units in the positive y direction.
Write down:

(1) the y-coordinates of the image points of 4 and B under this translation; (1 mark)

(i1) the equations of the hyperbola and the asymptotes after the translation. (3 marks)

4. Jan 2008

9 A curve C has equation

) 2
! x(x—4)
(a) Write down the equations of the three asymptotes of C. (3 marks)

(b) The curve C has one stationary point. By considering an appropriate quadratic
equation, find the coordinates of this stationary point.

(No credit will be given for solutions based on differentiation.) (6 marks)

(¢) Sketch the curve C. (3 marks)




5. June 2008

9 The diagram shows the parabola )?2 4x and the point 4 with coordinates (3, 4).

V4 A3, 4)

A\

(a) Find an equation of the straight line having gradient m and passing through the point
A3, 4). (2 marks)

(b) Show that, if this straight line intersects the parabola, then the y-coordinates of the
points of intersection satisfy the equation

myz —4y+ (16 — 12m) =0 (3 marks)

(c) By considering the discriminant of the equation in part (b), find the equations of the
two tangents to the parabola which pass through 4.

(No credit will be given for solutions based on differentiation.) (5 marks)

(d) Find the coordinates of the points at which these tangents touch the parabola.

(4 marks)
6. Jan 2009

9 A hyperbola H has equation

[¥]

v
P a—

(a) Find the equations of the two asymptotes of /., giving each answer in the form
V= mx. (2 marks)

(b) Draw a sketch of the two asymptotes of H, using roughly equal scales on the two
coordinate axes. Using the same axes, sketch the hyperbola . (3 marks)

(¢) (1) Show that, if the line v = x 4 ¢ intersects /{, the x-coordinates of the points of
intersection must satisfy the equation

=2 —(2+2)=0 (4 marks)

(i) Hence show that the line y = x + ¢ intersects // in two distinct points, whatever
the value of ¢. (2 marks)

(1) Find, in terms of ¢, the y-coordinates of these two points. (3 marks)




7. June 2009

6 An ellipse E has equation
x? Jr_vz 1
3 4
(a) Sketch the ellipse £, showing the coordinates of the points of intersection of the
ellipse with the coordinate axes. (3 marks)
(b) The ellipse £ is stretched with scale factor 2 parallel to the y-axis.
Find and simplify the equation of the curve after the stretch. (3 marks)
(c) The original ellipse, £, is translated by the vector {ﬂ . The equation of the
translated ellipse is
4y + 3}'2 —8x+6y=>5
Find the values of ¢ and b. (5 marks)
8. Jan 2010

9 The diagram shows the hyperbola

x2 32
a? b2
and its asymptotes.
VA
. |
P A(2,0)




The point 4 on the hyperbola has coordinates (2, 0).
The equations of the asymptotes are y = 2x and y = —2x.
(a) Show that «a =2 and b =4. (4 marks)
(b) The point P has coordinates (1, 0). A straight line passes through P and has
gradient m. Show that, if this line intersects the hyperbola, the x-coordinates of the
points of intersection satisfy the equation
(m?> — 4)x% = 2m*x + (m> +16) = 0 (4 marks)

(c) Show that this equation has equal roots if 3m? = 16. (3 marks)

(d) There are two tangents to the hyperbola which pass through P. Find the coordinates of
the points at which these tangents touch the hyperbola.

(No credit will be given for solutions based on differentiation.) (5 marks)

9. June 2010

9 A parabola P has equation y* =x —2.
(a) (i) Sketch the parabola P. (2 marks)

(ii) On your sketch, draw the two tangents to P which pass through the point (=2, 0).
(2 marks)

(b) (i) Show that, if the line y = m(x + 2) intersects P, then the x-coordinates of the points
of intersection must satisfy the equation

m*x? + (dm®> — Dx+ (4m* +2) =0 (3 marks)

(i) Show that, if this equation has equal roots, then

16m* = 1 (3 marks)

(iii) Hence find the coordinates of the points at which the tangents to P from the point
(=2, 0) touch the parabola P. (3 marks)

10.Jan 2011

6 The diagram shows a circle C and a line L, which is the tangent to C at the
point (1, 1). The equations of C and L are

2 2
xX*4+y"=2 and x+y=2

respectively.




2]

.Y

The circle C is now transformed by a stretch with scale factor 2 parallel to the
x-axis. The image of C under this stretch is an ellipse E.

(a) On the diagram below, sketch the ellipse £, indicating the coordinates of the points
where it intersects the coordinate axes. (4 marks)

(b) Find equations of:

(i) the ellipse E; (2 marks)
(i) the tangent to £ at the point (2, 1). (2 marks)
e VA
(a)
0 £

12. June 2011

9 The diagram shows a parabola P which has equation y = %xz, and another
parabola Q which is the image of P under a reflection in the line y = x.

The parabolas P and ( intersect at the origin and again at a point A.

The line L is a tangent to both P and Q.




(a) (i) Find the coordinates of the point A. (2 marks)
(ii) Write down an equation for Q. (1 mark)
(iii) Give a reason why the gradient of L must be —1. (1 mark)

(b) (i) Given that the line y = —x + ¢ intersects the parabola P at two distinct points, show

that
c>=2 (3 marks)

(i) Find the coordinates of the points at which the line L touches the parabolas P and Q.

(No credit will be given for solutions based on differentiation.) (4 marks)

YV a

<
=¥

13.Jan 2012

7 A hyperbola H has equation

(a) Find the equations of the asymptotes of /1. (1 mark)




intersection of f{ with the coordinate axes.
. -3
(c) The hyperbola / is now translated by the vector ol

(i) Write down the equation of the translated curve.
with the line y = x.

of the original hyperbola / with the line y =x—3.

(b) The asymptotes of /f are shown in the diagram opposite. On the same diagram,
sketch the hyperbola #. Indicate on your sketch the coordinates of the points of

(3 marks)

(2 marks)

(ii) Calculate the coordinates of the two points of intersection of the translated curve

(4 marks)

(d) From your answers to part (¢)(ii), deduce the coordinates of the points of intersection

(2 marks)

(b)
Y oa
"
14. June 2012
8 The diagram shows the ellipse £ with equation
x2 +_v2 1
5 4

and the straight line L with equation

y=x+4




Y a

N
|

v

(a) Write down the coordinates of the points where the ellipse £ intersects the coordinate
axes. (2 marks)

(b) The ellipse £ is translated by the vector ['ﬂ . where p is a constant. Write down

the equation of the translated ellipse. (2 marks)

(c) Show that, if the translated ellipse intersects the line L, the x-coordinates of the
points of intersection must satisfy the equation

9x2 — (8p — 40)x + (4p2 + 60) = 0 (3 marks)

(d) Given that the line L is a tangent to the translated ellipse, find the coordinates of the
two possible points of contact.

(No credit will be given for solutions based on differentiation.) (8 marks)

15.Jan 2013

9 An ellipse is shown below.

Ya

[ | [
0 A \ /B X




(@
(b)

(i)

(ii)
(iii)

Find the x-coordinates of 4 and B.

(2 marks)

The line y = mx (m > 0) is a tangent to the ellipse, with point of contact P.

Show that the x-coordinate of P satisfies the equation
(1+4m*)x? —8x+12=0
Hence find the exact value of m.

Find the coordinates of P.

(3 marks)
(4 marks)

(4 marks)




Answers

1. June 2005

8(a) | Pis (2.0) Bl 1
(b) | PO1sy=2(x—-2) MIAIF ft wrong value for xp
Elimination of y (or of x) mlAI1F ft numerical error
(x—2)(5x—22)=0 Al
Qis (44,438) AlAl 7
Total 8
2. June 2006
7(a) | Stretch parallel to y axis ... Bl
... scale-factor % parallel to y axis Bl 2
®) | (-2° -5 =1 MIAL
Translation in x direction ... Al
.. 2 units in positive x direction Al 4
- Total 6
3. June 2007
) 1 3 2
8(a) I xi4x 3 } dy==x*+_x*(+c) MIAL M1 for adding 1 to index at least once
1 p
3 9 . : ST o
j' _ l 3.3 } _o=2 mlAl 4 C 01}(1‘(?(119 no 1118[1[101.1 of 111.1111111g process;
0 4 2 ml if “— 0” stated or implied
_4
(b) | Second term is x * Bl
Integral of this is 3y ? MI1Al M1 for correct index
1
x ? =0 asx—0, 50 n0 value El 4
Total 8
4. Jan 2008
5(a) Asymptotes are y= ill.\’ MI1A1 2 OE; M1 for y =+ mx
(b) | x = 4 substituted into equation M1
¥ =350 y=13 Al 2| Allow NMS
(c)(i) | y-coords are 2+ V3 BIF 1 ft wrong answer to (b)
2
(ii) Hyl)erbola 15 %— (_1.' — 2)2 =1 MIAL MIAO if_‘y‘ + 2 used
Asymptotes are y=2+ lzx BIF 3 tt wrong gradients 1n (a)
Total 8
5. Jan 2008
9(a) | Asviptotesx =0, x=4 v=10 I Bl ~3 I 3
(b) | v=k =2=kx(x-4) M1
.2 0=h -2 Al
Discriminant = (44) + 8k ml

AtSP y=-1

]

Al

not just k=-1




=0=-1x"+2x-2 ml
Sox=2 Al 6
(¢} ¥ .
E Bl Curve with three branches approaclung
i vertical asymptotes correctly
E Bl Outer branches correct
o ' x Bl 3 Middle branch correct
Total 12
6. June 2008
9(a) | Equation is v — 4 = m(x — 3) MI1A1 2 OE; M1AO if one small error
(b) | Elimination of x M1
4y —16=m(* - 12) Al OE (no fractions)
Hence result Al 3 convincingly shown (AG)
(¢) | Discriminant equated to zero M1
@Bm—1)(m—-1)=0 mlAl OE: m1 for attempt at solving
Tangents v=x+1, v =%x +3 AlAl 5 OE
3
@ | m=1= V' —4y+4=0 M1 OE; m = 1 needed for this
so point of contact 1s (1, 2) Al
m :% - %.‘-’2 —4y+12=0 Ml OE; m :% needed for this
R 3
so point of contact is (9, 6) Al 4
Total 14
7. Jan 2009
9(a) | Asymptotes are v = +/2x MIAL 2 MIAO if correct but not in required form
(b) | Asymptotes correct on sketch BIF With gradients steeper than 1:
ft from v = + mx with m > 1
Two branches in roughly correct positions Bl
Approaching asymptotes correctly Bl 3 Asymptotes v = = mx needed here
(¢)(i) | Elimination of v M1
Clearing denominator correctly M1
¥ =2ecx—(c"+2)=0 mlAl 4 Convincingly found (AG)
(ii) | Discriminant = 8¢* + 8 B1 Accept unsimplified
... =0 for all ¢, hence result El 2 OE
(iii) | Solving gives x =c +/2(c” +1) MIAL
+. e
A\-':T‘F(‘: 2c i«,‘2(62+1) Al 3 _Accept “::C+W
Total 14




8. June 2009

6(a) | Ellipse with centre of origin Bl Allow unequal scales on axes
(i\/g ,0)and (0 + 2) shown on diagram B2.1 3 Condone AWRT 1.7 for +/3:
B1 for incomplete attempt
(b) | yreplaced by 1y MI1ALl MI1AO for 2y instead of Ly
. Xy
Equation 1s now —+-—=1 Al 3
3 16
(c) | Attempt at completing the square Ml
Ax—1)+3(y+1) AlAl
[Alt: replace xbyx —aand vby v — b (M) M1 if one replacement correct
A" — 8ax + 3* — 6by ] (mlAl) Condone errors in constant terms
a=1landb=-1 AlAl 5
Total 11
9. Jan 2010
9(a) 4 E2.1 E1 for verif’n or incomplete proof
x=2,yv=0=>—5-0=1ls0a=2
a-
b .
Asymps = £ —=12 sob=2a=4 E2.1 4 ditto
a
(b) | Lineisy —0=m(x— 1) Bl OE
Elimination of y M1
AP —pr(x* - 2x+ 1) =16 Al OE (no fractions)
So (m* =4 = 2nx + (1 +16) =0 Al 4 convineingly shown (AG)
(c) | Discriminant equated to zero M1
dmi* = Am* — 64n” + 1607 +256 =0 Al OE
—3nr + 16 =0, hence result Al 3 convincingly shown (AG)
(c) | Discriminant equated to zero Ml
Am* —dm* — 64m* + 16n° + 256 =0 Al OE
—3m? + 16 = 0, hence result Al 3 convincingly shown (AG)
(@) mz:ﬁzi.\'z—g.‘f—»—g:(} M1
3 3 3 3
F¥-8x+16=0,s0x=4 mlAl
. 4 :
Method for v-coordinates ml using m = +—— or from equation of
hyperbola; dep’t on previous ml
y=t 43 Al 5
Total 16
10.June 2010
9(a)(i) | Parabola drawn M1 with x-axis as line of symmetry
passing through (2, 0) Al 2
(iiy | Two tangents passing through (=2, 0) B1B1 2 to ¢’s parabola
(b)(i) | Elimination of y M1
Correct expansion of (x + 2)* B1
Result Al 3 convincmgly shown (AG)




(ii) | Correct discriminant B1
16m* — 8m* + 1 =16m" + m’ M1 OE
Result Al 3 convincingly shown (AG)
%
(iii) L —_—_1+2=0 M1 OE
16 -4 4
x=6y==%2 Al.Al 3
Total 13
11.Jan 2011
6(a) | Sketch of ellipse M1 centred at origin
Correct relationship to circle Al
> ~
Coords {i 242, 0)_ (0. i\,-'z) B2,1 4 Accept A8 for 24/2 :
Bl forany 2 of x = +212. y= +2
allow B1 if all correct except for use of
decimals (at least one DP)
(b)(i) | Replacing x by % M1 or by 2x
Eis 3f +y* =2 Al 2 | OE
(i) | Tangentis £+ y =2 M1A1 2 M1 for complete valid method
Total 8
12.June 2011
9(a)(i) | Elimination to give x = %xz M1 OE
Ais (8, 8) Al 2 NMS 2/2
(ii) qulﬂl’iOll of Q 18 x = éyz Bl 1 OE: condone y= \ﬂ'g
(iii) | Points of contact are images in y = x El 1
(b)(A) | Eliminating y to give —x+¢ =1x? M1
(ie x* + 8x = 8¢ = 0)
Distinct roots if A > 0 El stated or implied
A=64+32¢,50¢c>-2 Al 3 convincingly shown (AG)
(ii) | For tangent ¢ = -2, so ¥ +8x+16=0 M1 OE
ccandx=—4,y=2 Al
Reflection iny = x M1 or other complete method
x=2,y=—4 AlF 4 ft wrong answer for first point;
allow NMS 2/2
Total 11




13.Jan 2012

T(a) | y=+1x B1 1 ACF Need both
(b) v Bl 2-branch curve with branches i correct
regions above and below x-axis
B Bl Curve approaching asymptotes
\ / B1 3 Coords (£3, 0), as only points of
= * mtersection with coordinate axes,
- indicated. Condone —3 and +3 marked on
x-axis at points of intersection as (£3, 0)
indicated.
() | (x+3) o M1 Replacing x by eitherx + 3 orx — 3
9o V7 Al 2 | AcF
(i) | (x+3)2 , M1 Substitution into ¢’s (¢)(1) equ of v =xto
0 "7 1 eliminate y or of x = y to eliminate x
©@) | (x+3) N M1 Replacing x by eitherx + 3 orx — 3
9 - Al 2 ACF
() | (x+3)? R M1 Substitution into ¢’s (¢)(1) eqn of v =xto
—Q9 x =1 eliminate v or of x = y to eliminate x
FHex+9=9x"+1) AlF Correct expansion of (x = 3)” equated to
9(x*+ 1) OE ft: [OE iny]
8 —6x=0 (8" =6x) AIlF Ft on error (x — 3) for (x + 3) mn (¢)(1)
which gives 8x’+ 6x=0 (8x"=—6x)
[OE 1 v]
Points are (0. 0), (}}] Al 4 Both. ACF
(d) M1 Adding 3 to ¢’s (¢)(i1) two x-coords
keeping v-coordinates unchanged.
Points are (3, 0), (3 % %) AlF 2 Fton ¢’s (c)(11) coordinates for the two
points
If not deduced then MOAOQ
Total 12
14.June 2012
If not B2, award B1 if either at least two
8(a) (i\ﬁ ’ 0)~ (0. +2) B2.1 2 of these 4 correct pts or if * x =++/5 and
y=t2
RS S Replacing v by either x + p or x — p and
8(b) Q +2 o IXII 5 keeping v unchanged or as y+ 0
3 4 ACF
- 2 A2 g PR : 5 = v
8(c) (x—p) N (x+4) 1 M1 Sl.lbs.hhlllon mto ¢’s (b) eqn of y=x+4to
5 4 eliminate y
4(x — p)2 S5+ 4 =4x5 Denominators 5 and 4 cleared in a correct
ml manner and at least either a correct
4= 2px +p) + 5+ 8x +16)=20 expansion of (x % p)’ or a correct
expansion of (x + 4)°
45" — 8px + 4p” + Sx7+ 40x + 80 = 20
CSO No errors in any line of working.
AG. Must see brackets correctly removed
952 — (8p — 40)x + 4}’2 L 60=0 Al 3 and all terms involving x, p correctly

rearranged to same side before the printed




(@)

Discriminant is

(82 —40)" — 4 (9) (497 + 60) Bl
For tangency

(8p — 40)* — 4 (9) (4p”+ 60)=0 Ml
P8 +T7=0 Al

{rDEtN=0=}p=-1p=-7(* | Bl
p=-1: 9" +48x+64 (=0)

p=—7: 9%+ 96x + 256 (= 0) Ml

p=—1:9x"+48x+ 64 (= 0) = x=— Al

w| oo

answer 1s stated. Must have ‘=0’ although
brackets around 4p”+ 60 may be omitted

OE Must be isolated, not just within the
quadratic formula

OE Equating ¢’s discriminant to zero
before obtaining any values for p

ACF with like terms collected

Correct values —1, =7 forp

Substitutes at least one of ¢’s two values
for p either into the given quadratic in (c)

. 8p—40
OE or mto b it

8
x= 3 OE as only root from the

—40

19
10

8
quadratic or from L4 . Apply FIW if
(*)is BO

x= —1?6 OE as only root from the

16 N
p=—T 9x*+96x +256 (=0) = x=—— Al ‘ 8p — 40 ‘
=0 3 quadratic or from PIS . Apply FIW if
(*)1s BO
Y= _8 , V= i; x= _l6 , V= _4 CSO Previous 7 marks must have been
3 3 3 3 Al g awarded and coordinates of both points
{ 8 4 16 4 need to be correct and exact but accept in
373 T3 3 either format
Total 15
15.Jan 2013
9(a) OE Sub y=0 in eqn of ellipse and
(x—4)?° N either eliminate fraction or take
=0. Ta =1: (x—4) =4 MI sq root, condoning missing +. ie
(x-4)
—=(3)1
> (+)
—=>x=2.6 (x4=2, x3=6) Al 2 Both 2 and 6
NMS Mark as B2 or BO
d){E) | (x—1)?° N Ml Substitute y=mx to eliminate y
Y +(mx)” =1 =
(x=4) +d(mx)’ =4 > —8x + 16 + 4(mx) = 4 Al Eliminate fractions correctly and
expand (x — 4)" correctly
= —8r+ 16 +4m ' —4=0
= (1+4m") x" — 8x+12=0 Al 3 | CsO AG
(ii) | Discriminant b — 4ac {(—8)2 - 4(1+4mz)(12)} M1 b*~4ac interms of m condone
one sign or copying error OE
For tangency. (—8)* — 4(1+4n°)(12) =0 Al A correct equation with m” being
the only unknown at any stage.
192m> — 16 (=0) Al OE eg 12m>~1(=0) OE PI by a
correct value for m condoning
wrong sign
Al ACF of an exact value for m

1
(m=050) m=——
V12

i
1 V3
— . — . Dep on prev 3 mrks
243 6

aq

4 e




(iii)

('1+4><{ ! lA)x%sﬁlz (=0)

7z

¥ —8xr+12=0:

U |

Coordinates of P are

4% —24x+36=0

x2—6x+9=0

x=37 (=0

<

[F5]

5l

M1

ml

Al

Al

Subst value for m in LHS of eqn
(b)(i): ft on ¢’s value of m.

Valid method to solve a correct
quadratic equation: as far as either
correct subst into quadratic formula
with 5% — 4ac evaluated to 0 or
correct factorisation or correct value

of x after é:rz —8x+12=00r
2

better seen.: OE, correct use of —b/2a

Must see earlier justification
Correct coordinates with the
y-coord in any correct exact form

-

3, —/—

A12 )

NMS SC1 for

Total

13




