
𝑷𝒐𝒍𝒚𝒈𝒐𝒏 𝝅 
Archimedes, the famous Greek mathematician, used the perimeter of polygons as an 
approximation for circumference to calculate increasingly good estimates of the constant 𝜋: 

 Construct a regular polygon.   

 By joining the midpoints of each side, construct a smaller one inside it.   

 Find the perimeter of both polygons, and calculate the average.   

 Divide by the diameter of the circle that fits between the two polygons.   

This works because it is always possible to draw a circle which fits 
inside the larger polygon and outside the smaller.  The circumference 
of the circle must therefore be greater than the perimeter of the 
smaller polygon, but less than the perimeter of the larger.   
Archimedes did not have a calculator, and didn’t use trigonometry as we currently 
understand it, so his methods involved the use of Pythagoras’ Theorem, and relied on 

fractional approximations for surds (√3 ≈
1351

780
).  Considering this, he did very well,    

using a nifty doubling method to go from 6 sides to 12, then 24, 48 and finally 96 sides, proving: 
223

71
< 𝜋 <

22

7
 

(taking an average yields an estimate which is correct to 3 decimal places: 𝜋𝑒𝑠𝑡 = 3.14185110663984 …) 
𝜋 = 3.141592653589793238462643383279502884197169399375105820974944592307816406286208998628034825342117067982148086513 … 

Estimation Using Trigonometry 
Apply this method to a square, pentagon, hexagon, and finally a hendecagon (100 sides).   

1. Small Polygon Triangle:  
Make a triangle between the midpoint of a side, 
the corner beside it and the centre of the circle.   
Label the angle at the centre and the side which is 
the radius of the circle (recall we are using a 
radius of 1 throughout this process).   

 

2. Perimeter of Small Polygon: 
Use right-angled trigonometry to determine the 
length of the half-side, and multiply up to 
determine the perimeter of the whole small 
polygon.     

 

3. Large Polygon Triangle: 
Make a triangle between the midpoint of a side, 
the corner beside it and the centre of the circle.   
Label the angle at the centre and the side which is 
the radius of the circle (note that this was the 
hypotenuse of the smaller triangle).   

 

4. Perimeter of Large Polygon: 
Use right-angled trigonometry to determine the 
length of the half-side, and multiply up to 
determine the perimeter of the whole large 
polygon.     

 

5. Estimate for 𝝅: 
Find the average of the two perimeters, and 
divide by the diameter (2) to determine an 
estimate for 𝜋.   

 

 



 

 

 

 

 

 

 



Estimation Using Trigonometry SOLUTIONS 
 

1. Small Polygon Triangle:  
 
Make a triangle between the midpoint of a side, the 
corner beside it and the centre of the circle.   
Label the angle at the centre and the side which is the 
radius of the circle (recall we are using a radius of 1 
throughout this process).   
 

 
2. Perimeter of Small Polygon: 
 
Use right-angled trigonometry to determine the 
length of the half-side, and multiply up to determine 
the perimeter of the whole small polygon.     

sin 𝜃 =
𝑜𝑝𝑝

ℎ𝑦𝑝
    ⟹     sin 36 =

𝑥

1
  

 
𝑥 = 0.5877 …  
 
𝑃 = 2 × 5 × 0.5877 …  

 
𝑃𝑠𝑚𝑎𝑙𝑙 = 𝟓. 𝟖𝟕𝟕 … 

3. Large Polygon Triangle: 
 
Make a triangle between the midpoint of a side, the 
corner beside it and the centre of the circle.   
Label the angle at the centre and the side which is the 
radius of the circle (note that this was the hypotenuse 
of the smaller triangle).   

 

4. Perimeter of Large Polygon: 
 
Use right-angled trigonometry to determine the 
length of the half-side, and multiply up to determine 
the perimeter of the whole large polygon.     

tan 𝜃 =
𝑜𝑝𝑝

𝑎𝑑𝑗
    ⟹     tan 36 =

𝑥

1
  

 
𝑥 = 0.7265 …  
 
𝑃 = 2 × 5 × 0.7265 …  

 
𝑃𝑙𝑎𝑟𝑔𝑒 = 𝟕. 𝟐𝟔𝟓 …  

5. Estimate for 𝝅: 
 
Find the average of the two perimeters, and divide by 
the diameter (2) to determine an estimate for 𝜋.   

𝑃𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
5.877 … + 7.265 …

2
 

 
𝜋5−𝑠𝑖𝑑𝑒𝑠 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 = 3.285819 … 

 

Estimates for 𝑛 sided shapes given below: 
𝑛 4 5 6 7 8 … 100 … 1000 

𝜋𝑒𝑠𝑡 3.414214 3.285819 3.232051 3.204104 3.187588 … 3.141851 … 3.141595 
 


