
Alternate C3 Exam    Based on the questions from AQA MPC3 June 2014 

 

1. Use Simpson’s rule, with seven ordinates (six strips), to calculate an estimate for 

∫ 𝑥2 cos 𝑥  𝑑𝑥

𝜋
2

0

 

Give your answer to four significant figures.   
[4 marks] 

2. A curve has equation 𝑦 =
ln(𝑒−2𝑥)

2
 

 

a) Find 
𝑑𝑦

𝑑𝑥
.   

[2 marks] 

b) Find an equation of the normal to the curve 𝑦 =
ln(𝑒−2𝑥)

2
 at the point on the curve where 𝑥 = −𝑒.   

[4 marks] 

c) The curve 𝑦 =
ln(𝑒−2𝑥)

2
 crosses the line 𝑦 = 𝑥 at 𝑥 = 𝛼.   

 
i. Show that 𝛼 lies between 0 and 1.   

[2 marks] 

ii. Use the recurrence relation 𝑥𝑛+1 =
ln(𝑒−2𝑥𝑛)

2
 with 𝑥1 = 0 to find the values of 𝑥2 and 𝑥3 to 4 significant 

figures.   
[2 marks] 

3. 

a) i. Differentiate (3 − 𝑥3)
3

2 with respect to 𝑥.   
[2 marks] 

ii. Given that 𝑦 = 𝑒
𝑥

2(3 − 𝑥3)
3

2, find the exact value of 
𝑑𝑦

𝑑𝑥
 when 𝑥 = 0.   

[3 marks] 

b) A curve has equation 𝑦 =
𝑥−1

𝑥2+1
.  Use the quotient rule to find the exact values of the 𝑥 coordinates of 

the stationary points of the curve.   
[7 marks] 

4. 
a) Describe the graph transformation which maps 𝑦 = 𝑓(𝑥 − 1) onto 𝑦 = 𝑓(𝑥 + 3).   

[2 marks] 
b) Describe the graph transformation which maps 𝑦 = 𝑓(2𝑥) onto 𝑦 = 𝑓(4𝑥 − 8).   

[4 marks] 
c) Find the coordinates of the image of the point 𝑃(3, −2) under the transformation described in b).   

[2 marks] 

5. The functions 𝑓 and 𝑔 are defined with their respective domains by 

𝑓(𝑥) = 𝑥2 + 5𝑥 − 6,    𝑓𝑜𝑟 𝑥 > −6 
𝑔(𝑥) = |𝑥 + 10|,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 

 
a) Find the range of 𝑓.   

[2 marks] 
b) The inverse of 𝑓 is 𝑓−1.   
 
Find 𝑓−1(𝑥).  Give your answer in its simplest form.   

[4 marks] 
c) i. Find 𝑓𝑔(𝑥).   

[1 mark] 
ii. Solve the equation 𝑓𝑔(𝑥) = 8 

[6 marks] 



 
 

6. 

a) By using integration by parts twice, find 

∫ 𝑥2 cos
𝑥

2
 𝑑𝑥 

[6 marks] 

b) The curve below has equation 𝑦 = 𝑥√cos
𝑥

2
, for 0 ≤ 𝑥 ≤ 𝜋.  

 
 
The region bounded by the curve and the 𝑥-axis is rotated through 2𝜋 radians about the 𝑥 axis to generate 
a solid.  Find the exact value of the volume of the solid generated.   

[3 marks]  

7. Use the substitution 𝑢 = 4 − 𝑥4 to find the exact value of 

∫
𝑥7

4 − 𝑥4
 𝑑𝑥

1

0

 

[6 marks] 

8. 
a) Show that the expression 

1−cos 𝑥

sin 𝑥
+

sin 𝑥

1−cos 𝑥
 can be written as 2 cosec 𝑥.   

 
[4 marks] 

b) Hence solve the equation 
1 − cos 𝑥

sin 𝑥
+

sin 𝑥

1 − cos 𝑥
= 3 cot2 𝑥 − 5 

 
giving the values of 𝑥 to the nearest degree in the interval 0° ≤ 𝑥 < 360°.   

[6 marks] 
 
c) Hence solve the equation 

1 − cos (
𝜃
2 − 20°)

sin (
𝜃
2 − 20°)

+
sin (

𝜃
2 − 20°)

1 − cos (
𝜃
2 − 20°)

= 3 cot2 (
𝜃

2
− 20°) − 5 

 
giving the values of 𝜃 to the nearest degree in the interval 0° ≤ 𝜃 < 360°.   

[3 marks] 
 
 
 
 
 

[Total: 75 marks] 



 

Alternate C3 Exam SOLUTIONS 

 

1. Use Simpson’s rule, with seven ordinates (six strips), to calculate an estimate for 

∫ 𝑥2 𝑐𝑜𝑠 𝑥  𝑑𝑥

𝜋
2

0

 

Give your answer to four significant figures.   
[4 marks] 

 

ℎ =
𝑏 − 𝑎

𝑛
=

𝜋
2 − 0

6
=

𝜋

12
 

 

𝑥0 = 0 𝑦0 = 02 cos 0 = 0  

𝑥1 =
𝜋

12
       𝑦1 = (

𝜋

12
)

2

cos
𝜋

12
= 0.06620 …  

𝑥2 =
𝜋

6
             𝑦2 = (

𝜋

6
)

2

cos
𝜋

6
= 0.23742 …  

𝑥3 =
𝜋

4
       𝑦3 = (

𝜋

4
)

2

cos
𝜋

4
= 0.43617 …  

𝑥4 =
𝜋

3
             𝑦4 = (

𝜋

3
)

2

cos
𝜋

3
= 0.54831 …  

𝑥5 =
5𝜋

12
       𝑦5 = (

5𝜋

12
)

2

cos
5𝜋

12
= 0.44347 …  

𝑥6 =
𝜋

2
 𝑦6 = (

𝜋

2
)

2

cos
𝜋

2
= 0  

 

∫ 𝑥2 cos 𝑥  𝑑𝑥

𝜋
2

0

≈
1

3
ℎ{(𝑦0 + 𝑦6) + 4(𝑦1 + 𝑦3 + 𝑦5) + 2(𝑦2 + 𝑦4)} 

 

=
1

3
(

𝜋

12
) {(0 + 0) + 4(0.06620 … + 0.43617 … + 0.44347 … ) + 2(0.23742 … + 0.54831 … )} 

 
= 0.467305112 … = 𝟎. 𝟒𝟔𝟕𝟑 𝒕𝒐 𝟒 𝒔. 𝒇. 

 

  



2. A curve has equation 𝑦 =
𝑙𝑛(𝑒−2𝑥)

2
 

 

a) Find 
𝑑𝑦

𝑑𝑥
.   

[2 marks] 

b) Find an equation of the normal to the curve 𝑦 =
𝑙𝑛(𝑒−2𝑥)

2
 at the point on the curve where 𝑥 = −𝑒.   

[4 marks] 

c) The curve 𝑦 =
𝑙𝑛(𝑒−2𝑥)

2
 crosses the line 𝑦 = 𝑥 at 𝑥 = 𝛼.   

 
i. Show that 𝛼 lies between 0 and 1.   

[2 marks] 

ii. Use the recurrence relation 𝑥𝑛+1 =
𝑙𝑛(𝑒−2𝑥𝑛)

2
 with 𝑥1 = 0 to find the values of 𝑥2 and 𝑥3 to 4 significant 

figures.   
[2 marks] 

 
2. 
a) 
Using chain rule: 

𝑦 =
ln(𝑒 − 2𝑥)

2
   ⟹    

𝑑𝑦

𝑑𝑥
=

1

2
×

1

𝑒 − 2𝑥
× −2 =

−1

𝑒 − 2𝑥
=

𝟏

𝟐𝒙 − 𝒆
 

 
b) 

(
𝑑𝑦

𝑑𝑥
)

𝑥=−𝑒
=

1

2(−𝑒) − 𝑒
=

1

−3𝑒
   ⟹     𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 = 3𝑒 

 

𝑦𝑥=−𝑒 =
ln(𝑒 − 2(−𝑒))

2
=

ln 3𝑒

2
 

 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)    ⟹     𝑛𝑜𝑟𝑚𝑎𝑙:    𝑦 −
ln 3𝑒

2
= 3𝑒(𝑥 − −𝑒) 

Or: 

𝒚 = 𝟑𝒆𝒙 + 𝟑𝒆𝟐 +
𝟏

𝟐
(𝟏 + 𝐥𝐧 𝟑) 

 
c) 
i. 

𝑦 = 𝑥 crosses 𝑦 =
ln(𝑒−2𝑥)

2
 when 𝑥 =

ln(𝑒−2𝑥)

2
    ⟺   

ln(𝑒−2𝑥)

2
− 𝑥 = 0 

 
ln(𝑒 − 0)

2
− 0 =

1

2
> 0    𝑎𝑛𝑑    

ln(𝑒 − 2)

2
− 1 ≈ −1.1654 … < 0 

 
Since there is a change of sign from 𝑥 = 0 to 𝑥 = 1, the root 𝜶 satisfies 𝟎 < 𝜶 < 𝟏.   
 
ii. 

𝑥1 = 0   ⟹     𝑥2 =
ln(𝑒 − 0)

2
=

1

2
= 𝟎. 𝟓𝟎𝟎𝟎 𝒕𝒐 𝟒 𝒔. 𝒇.   ⟹     𝑥3 =

ln(𝑒 − 2(0.5))

2
= 𝟎. 𝟐𝟕𝟎𝟕 𝒕𝒐 𝟒 𝒔. 𝒇. 

 
 

  



3. 

a) i. Differentiate (3 − 𝑥3)
3

2 with respect to 𝑥.   
[2 marks] 

ii. Given that 𝑦 = 𝑒
𝑥

2(3 − 𝑥3)
3

2, find the exact value of 
𝑑𝑦

𝑑𝑥
 when 𝑥 = 0.   

[3 marks] 

b) A curve has equation 𝑦 =
𝑥−1

𝑥2+1
.  Use the quotient rule to find the exact values of the 𝑥 coordinates of the 

stationary points of the curve.   
[7 marks] 

 
3. 
a) 
i. 
Using chain rule: 

3

2
(3 − 𝑥3)

1
2(−3𝑥2) = −

9𝑥2(3 − 𝑥3)
1
2

2
 

 
ii. 
Using product rule: 

𝑦 = 𝑒
𝑥
2(3 − 𝑥3)

3
2    ⟹    

𝑑𝑦

𝑑𝑥
= 𝑒

𝑥
2 (−

9𝑥2(3 − 𝑥3)
1
2

2
) + (3 − 𝑥3)

3
2 (

1

2
𝑒

𝑥
2) 

 

⟹     (
𝑑𝑦

𝑑𝑥
)

𝑥=0
= 𝑒0 (−

9(0)(3 − 0)
1
2

2
) + (3 − 0)

3
2 (

1

2
𝑒0) =

𝟑√𝟑

𝟐
 

b) 

𝑦 =
𝑥 − 1

𝑥2 + 1
   ⟹    

𝑑𝑦

𝑑𝑥
=

(𝑥2 + 1)(1) − (𝑥 − 1)(2𝑥)

(𝑥2 + 1)2
 

 
𝑑𝑦

𝑑𝑥
= 0   ⟹     (𝑥2 + 1)(1) − (𝑥 − 1)(2𝑥) = 0   ⟹   −𝑥2 + 2𝑥 + 1 = 0 

 

⟹     𝑥2 − 2𝑥 − 1 = 0   ⟹     𝑥 =
2 ± √4 + 4

2
= 𝟏 ± √𝟐 

 
 

  



4. 
a) Describe the graph transformation which maps 𝑦 = 𝑓(𝑥 − 1) onto 𝑦 = 𝑓(𝑥 + 3).   

[2 marks] 
b) Describe the graph transformation which maps 𝑦 = 𝑓(2𝑥) onto 𝑦 = 𝑓(4𝑥 − 8).   

[4 marks] 
c) Find the coordinates of the image of the point 𝑃(3, −2) under the transformation described in b).   

[2 marks] 
 
4. 
a) 

Translation by vector [
−𝟒
𝟎

].   

 
b) 

Stretch in the 𝒙 direction by scale factor 
𝟏

𝟐
 followed by a translation by vector [

𝟐
𝟎

].   

OR: 

Translation by vector [
𝟒
𝟎

] followed by a stretch in the 𝒙 direction by scale factor 
𝟏

𝟐
.   

 
c) 

(3, −2) → (
3

2
, −2) → (

𝟕

𝟐
, −𝟐) 

OR: 

(3, −2) → (7, −2) → (
𝟕

𝟐
, −𝟐) 

  



5. The functions 𝑓 and 𝑔 are defined with their respective domains by 

𝑓(𝑥) = 𝑥2 + 5𝑥 − 6,    𝑓𝑜𝑟 𝑥 > 1 
𝑔(𝑥) = |𝑥 + 10|,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 

 
a) Find the range of 𝑓.   

[2 marks] 
b) The inverse of 𝑓 is 𝑓−1.   
 
Find 𝑓−1(𝑥).  Give your answer in its simplest form.   

[4 marks] 
c) i. Find 𝑓𝑔(𝑥).   

[1 mark] 
ii. Solve the equation 𝑓𝑔(𝑥) = 8 

[6 marks] 
 
5. 
a) 

𝑓(𝑥) = 𝑥2 + 5𝑥 − 6 = (𝑥 + 6)(𝑥 − 1) 
 
Therefore the graph 𝑦 = 𝑓(𝑥) crosses the 𝑥-axis at the points 𝑥 = −6 and 𝑥 = 1 
(and the 𝑦-axis at 𝑦 = −6).  From the graph it is apparent that the range is: 
 

𝒇(𝒙) ≥ 𝟎 

 

b) 

𝑓(𝑥) = (𝑥 +
5

2
)

2

−
25

4
− 6 = (𝑥 +

5

2
)

2

−
49

4
 

 
Let 𝑦 = 𝑓(𝑥): 

(𝑥 +
5

2
)

2

−
49

4
= 𝑦   ⟹     (𝑥 +

5

2
)

2

= 𝑦 +
49

4
   ⟹     𝑥 +

5

2
= ±√𝑦 +

49

4
   ⟹     𝑥 = −

5

2
± √𝑦 +

49

4
 

Reflecting in 𝑦 = 𝑥: 

𝑦 = −
5

2
± √𝑥 +

49

4
 

 
However, since the range of 𝑓−1 is the domain of 𝑓, it is 𝑓−1(𝑥) > 1.  Therefore we reject the −𝑣𝑒 root: 

𝑓−1(𝑥) = −
5

2
+ √𝑥 +

49

4
    𝑜𝑟    𝒇−𝟏(𝒙) =

−𝟓 + √𝟒𝒙 + 𝟒𝟗

𝟐
 

 
c) 
i. 

𝑓𝑔(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓(|𝑥 + 10|) = (|𝑥 + 10|)2 + 5|𝑥 + 10| − 6 = (𝒙 + 𝟏𝟎)𝟐 + 𝟓|𝒙 + 𝟏𝟎| − 𝟔 

 
ii. 

(𝑥 + 10)2 + 5(𝑥 + 10) − 6 = 8    𝑜𝑟    (𝑥 + 10)2 − 5(𝑥 + 10) − 6 = 8 
 
(𝑥 + 10)2 + 5(𝑥 + 10) − 14 = 0  ⟹    𝑥2 + 20𝑥 + 100 + 5𝑥 + 50 − 14 = 0  ⟹    𝑥2 + 25𝑥 + 136 = 0 
 

⟹     (𝑥 + 8)(𝑥 + 17) = 0   ⟹     𝑥 = −8    𝑜𝑟    𝑥 = −17 
 
(𝑥 + 10)2 − 5(𝑥 + 10) − 14 = 0  ⟹    𝑥2 + 20𝑥 + 100 − 5𝑥 − 50 − 15 = 0  ⟹    𝑥2 + 15𝑥 + 36 = 0 

 
⟹     (𝑥 + 3)(𝑥 + 12) = 0   ⟹     𝑥 = −4    𝑜𝑟    𝑥 = −11.  All solutions: 𝒙 = −𝟏𝟕, −𝟏𝟐, −𝟖 𝒐𝒓 – 𝟑 



6. 

a) By using integration by parts twice, find 

∫ 𝑥2 𝑐𝑜𝑠
𝑥

2
 𝑑𝑥 

[6 marks] 

b) The curve below has equation 𝑦 = 𝑥√𝑐𝑜𝑠
𝑥

2
, for 0 ≤ 𝑥 ≤ 𝜋.  

 
 
The region bounded by the curve and the 𝑥-axis is rotated through 2𝜋 radians about the 𝑥 axis to generate 
a solid.  Find the exact value of the volume of the solid generated.   

[3 marks] 
 
6. 
a) 

Integrating ∫ 𝑥2 cos
𝑥

2
 𝑑𝑥 by parts: 

𝑢 = 𝑥2        
𝑑𝑣

𝑑𝑥
= cos

𝑥

2
 

 
𝑑𝑢

𝑑𝑥
= 2𝑥        𝑣 = 2 sin

𝑥

2
 

 

∫ 𝑥2 cos
𝑥

2
 𝑑𝑥 = 2𝑥2 sin

𝑥

2
− ∫ 4𝑥 sin

𝑥

2
 𝑑𝑥 = 2𝑥2 sin

𝑥

2
− 4 ∫ 𝑥 sin

𝑥

2
 𝑑𝑥 

 

Integrating ∫ 𝑥 sin
𝑥

2
 𝑑𝑥 by parts: 

𝑢 = 𝑥       
𝑑𝑣

𝑑𝑥
= sin

𝑥

2
 

 
𝑑𝑢

𝑑𝑥
= 1        𝑣 = −2 cos

𝑥

2
 

 

∫ 𝑥 sin
𝑥

2
 𝑑𝑥 = −2𝑥 cos

𝑥

2
− ∫ −2 cos

𝑥

2
 𝑑𝑥 = −2𝑥 cos

𝑥

2
+ 4 sin

𝑥

2
+ 𝐾 

 

Substituting into expression for ∫ 𝑥2 cos
𝑥

2
 𝑑𝑥 and incorporating the constant of integration: 

∫ 𝑥2 cos
𝑥

2
 𝑑𝑥 = 2𝑥2 sin

𝑥

2
− 4 (−2𝑥 cos

𝑥

2
+ 4 sin

𝑥

2
) + 𝐶 = 𝟐𝒙𝟐 𝐬𝐢𝐧

𝒙

𝟐
+ 𝟖𝒙 𝐜𝐨𝐬

𝒙

𝟐
− 𝟏𝟔 𝐬𝐢𝐧

𝒙

𝟐
+ 𝑪 

 
b) 

𝑉 = 𝜋 ∫ 𝑦2 𝑑𝑥
𝜋

0

= 𝜋 ∫ 𝑥2 cos
𝑥

2
 𝑑𝑥

𝜋

0

= 𝜋 [2𝑥2 sin
𝑥

2
+ 8𝑥 cos

𝑥

2
− 16 sin

𝑥

2
]

0

𝜋

= 𝜋[(2𝜋2 − 16) − (0)] 

 
⟹     𝑽 = 𝟐𝝅(𝝅𝟐 − 𝟖) 



7. Use the substitution 𝑢 = 4 − 𝑥4 to find the exact value of 

∫
𝑥7

4 − 𝑥4
 𝑑𝑥

1

0

 

[6 marks] 
 
7. 

𝑢 = 4 − 𝑥4    ⟹    
𝑑𝑢

𝑑𝑥
= −4𝑥3    ⟹    −

1

4
 𝑑𝑢 = 𝑥3 𝑑𝑥 

 
𝑥 = 0   ⟹     𝑢 = 4 − 0 = 4    𝑎𝑛𝑑    𝑥 = 1   ⟹     𝑢 = 4 − 14 = 3 

 

∫
𝑥7

4 − 𝑥4
 𝑑𝑥

1

0

= −
1

4
∫

𝑥4

𝑢
 𝑑𝑢

3

4

= −
1

4
∫

4 − 𝑢

𝑢
 𝑑𝑢

3

4

= −
1

4
∫

4

𝑢
− 1 𝑑𝑢

3

4

= −
1

4
[4 ln 𝑢 − 𝑢]4

3 

 

= −
1

4
[(4 ln 3 − 3) − (4 ln 4 − 4)] = −

1

4
[4(ln 3 − ln 4) + 1] = 𝐥𝐧 𝟒 − 𝐥𝐧 𝟑 −

𝟏

𝟒
 

 
 

  



8. 
a) Show that the expression 

1−𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥
+

𝑠𝑖𝑛 𝑥

1−𝑐𝑜𝑠 𝑥
 can be written as 2 𝑐𝑜𝑠𝑒𝑐 𝑥.   

 
[4 marks] 

b) Hence solve the equation 
1 − 𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥
+

𝑠𝑖𝑛 𝑥

1 − 𝑐𝑜𝑠 𝑥
= 3 𝑐𝑜𝑡2 𝑥 − 5 

 
giving the values of 𝑥 to the nearest degree in the interval 0° ≤ 𝑥 < 360°.   

[6 marks] 
 
c) Hence solve the equation 

1 − 𝑐𝑜𝑠 (
𝜃
2 − 20°)

𝑠𝑖𝑛 (
𝜃
2 − 20°)

+
𝑠𝑖𝑛 (

𝜃
2 − 20°)

1 − 𝑐𝑜𝑠 (
𝜃
2 − 20°)

= 3 𝑐𝑜𝑡2 (
𝜃

2
− 20°) − 5 

 
giving the values of 𝜃 to the nearest degree in the interval 0° ≤ 𝜃 < 360°.   

[3 marks] 
[Total: 75 marks] 

 
 
8. 
a) 

1 − cos 𝑥

sin 𝑥
+

sin 𝑥

1 − cos 𝑥
=

(1 − cos 𝑥)2

sin 𝑥 (1 − cos 𝑥)
+

sin2 𝑥

sin 𝑥 (1 − cos 𝑥)
 

 

=
(1 − cos 𝑥)2 + sin2 𝑥

sin 𝑥 (1 − cos 𝑥)
=

1 − 2 cos 𝑥 + cos2 𝑥 + sin2 𝑥

sin 𝑥 (1 − cos 𝑥)
=

2 − 2 cos 𝑥

sin 𝑥 (1 − cos 𝑥)
=

2

sin 𝑥
= 𝟐 𝐜𝐨𝐬𝐞𝐜 𝒙 

 
b) 

2 cosec 𝑥 = 3 cot2 𝑥 − 5   ⟹    2 cosec 𝑥 = 3(cosec2 𝑥 − 1) − 5   ⟹    3 cosec2 𝑥 − 2 cosec 𝑥 − 8 = 0 
 

⟹     (3 cosec 𝑥 + 4)(cosec 𝑥 − 2) = 0   ⟹    cosec 𝑥 = −
4

3
    𝑜𝑟   cosec 𝑥 = 2 

Solving in the interval 0° ≤ 𝑥 < 360°: 

sin 𝑥 = −
3

4
    𝑜𝑟   sin 𝑥 =

1

2
   ⟹     𝑥 = 228.59 … °, 311.40 … °    𝑜𝑟    𝑥 = 30°, 150° 

 
All solutions: 𝒙 = 𝟑𝟎°, 𝟏𝟓𝟎°, 𝟐𝟐𝟗°, 𝟑𝟏𝟏° to the nearest degree.   
 
c) 

0° ≤ 𝜃 < 360   ⟹    −20° ≤
𝜃

2
− 20° < 160° 

 
𝜃

2
− 20 = 30°  𝑜𝑟  150°   ⟹    

𝜃

2
= 50  𝑜𝑟  170   ⟹     𝜽 = 𝟏𝟎𝟎°  𝒐𝒓  𝟑𝟒𝟎° 
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