Alternate C3 Exam Based on the questions from AQA MPC3 June 2014

1. Use Simpson’s rule, with seven ordinates (six strips), to calculate an estimate for
s

2 5
x“cosx dx
0

Give your answer to four significant figures.

[4 marks]
2. A curve has equation y = ln(e2—2x)
a) Find Z—z

[2 marks]
b) Find an equation of the normal to the curve y = In(e-2x) at the point on the curve where x = —e.

[4 marks]
c) Thecurvey = @ crosses theliney = xatx = «a.
i. Show that « lies between 0 and 1.

[2 marks]
ii. Use the recurrence relation x, 1 = Inle=22n) \yjith x1 = 0 to find the values of x, and x; to 4 significant
figures.

[2 marks]
3.
a) i. Differentiate (3 — x3)% with respect to x.

[2 marks]
ii. Given that y = e§(3 — x3)%, find the exact value on—z when x = 0.

[3 marks]
b) A curve has equation y = ;2_:1. Use the quotient rule to find the exact values of the x coordinates of

the stationary points of the curve.

[7 marks]
4.
a) Describe the graph transformation which mapsy = f(x — 1) ontoy = f(x + 3).
[2 marks]
b) Describe the graph transformation which maps y = f(2x) ontoy = f(4x — 8).
[4 marks]
c) Find the coordinates of the image of the point P(3, —2) under the transformation described in b).
[2 marks]
5. The functions f and g are defined with their respective domains by
f(x) =x>+5x—6, forx>—6
g(x) =|x+ 10|, for all real values of x
a) Find the range of f.
[2 marks]
b) The inverse of f is 1.
Find f~1(x). Give your answer in its simplest form.
[4 marks]
c)i. Find fg(x).
[1 mark]

ii. Solve the equation fg(x) = 8
[6 marks]



6.

a) By using integration by parts twice, find

f x? cosf dx
2

b) The curve below has equation y = x /cos g for0 <x <m.

2_

2

[6 marks]

The region bounded by the curve and the x-axis is rotated through 2m radians about the x axis to generate

a solid. Find the exact value of the volume of the solid generated.

7. Use the substitution u = 4 — x* to find the exact value of

1 x7
d
jo 4—xt

8.
. 1- i
a) Show that the expression Sic:;x S

can be written as 2 cosec x.
1—-cosx

b) Hence solve the equation

1—cosx sin x )
=3cot“x—5

- +
sin x 1—-cosx

giving the values of x to the nearest degree in the interval 0° < x < 360°.

c) Hence solve the equation

1 —cos (% - 20°) sin (% - 20°)

sin (g - 200) 1 —cos (% - 20°)

2

giving the values of 6 to the nearest degree in the interval 0° < 8 < 360°.

0
= 3 cot? (— —20°

)—5

[3 marks]

[6 marks]

[4 marks]

[6 marks]

[3 marks]

[Total: 75 marks]



Alternate C3 Exam SOLUTIONS

1. Use Simpson’s rule, with seven ordinates (six strips), to calculate an estimate for
VA

2,
x“cosx dx
0

Give your answer to four significant figures.
[4 marks]

n 6 12
X9 =0 Yo = 0%2cos0 =0
_T (T T
x =1 y1 = (%) cosZ =0.06620...
T 2
X, =7 v, = (%) cosT=0.23742 ..
T 2
X3 = 2 Y3 = G) cos% = 0.43617 ...
_r (T T
Xy = 3 Vo = (E) cos< = 0.54831 ...
51 51 2 51
X5 = T Vs = (E) cos— = 0.44347 ...
T 2
Xe =7 y6=(§) cos§=0

T

Z 1
f x?cosx dx = §h{(3’o +¥e) + 4y +y3 +ys5) + 2(y2 + ya)}
0

1, m
= §(E) {(0+0) + 4(0.06620 ...+ 0.43617 ...+ 0.44347 ...) + 2(0.23742 ...+ 0.54831 ...)}

= 0.467305112...=0.4673 to 4 s.f.



In(e—2x)
2

2. A curve has equation y =

a) Find d—y.
dx
[2 marks]
b) Find an equation of the normal to the curve y = n(e—2x) at the point on the curve where x = —e.
[4 marks]
c) The curvey = mle=29) (rosses the line y=xatx = a.
i. Show that « lies between 0 and 1.
[2 marks]
ii. Use the recurrence relation x, 1, = Inte-2xn) with x; = 0 to find the values of x, and x5 to 4 significant
figures.
[2 marks]
2.
a)
Using chain rule:
_In(e — 2x) dy 1 1 -1 1
B 2 dx 2 e—2x T e—2x 2x-—e
b)
(dy ) . ! Gradient =3
e = = - =
ix). . 2= —e 3e radient of norma e
ln(e — 2(—9)) In 3e
yx=—e = 2 = 2
In3e
y—y,=m(x—x;) = normal: y-— 7= 3e(x — —e)
Or:

1
y=3ex+3e2+5(1+1n3)

c)
i
In(e—2x) when x = In(e—2x) JEN In(e—2x) _

x=0

Y = Xx crossesy =

| -0 1 1 -2
In(e—-0) (_1_, g -2

> > > 1~-11654..<0

Since there is a change of sign from x = 0 to x = 1, the root «a satisfies 0 < a < 1.

ii.
In(e—-0) 1 B ln(e — 2(0.5))

x=0 = x,= > —E=0.5000t04s.f. = X3 >

=0.2707to4s.f.



3.

3
a) i. Differentiate (3 — x3)2 with respect to x.

[2 marks]
X 3

ii. Given that y = ez (3 — x3)z, find the exact value Of% when x = 0.

[3 marks]
b) A curve has equation y = ;2_:1. Use the quotient rule to find the exact values of the x coordinates of the
stationary points of the curve.

[7 marks]
3.
a)

i.
Using chain rule:

1
9x2(3 — x3%)2

3 1
5 (3= x%)2(=3x%) = — >

ii.
Using product rule:

1
x 3 d x[ 9x%2(3-x3)2 3/1 x
y=ef(3—x3)f = d—i:ef —% +(3—x3)§(537>
1
dy of 9@@B-0)2 3/1 \ 3v3
(@) = |- |re-o(ze) =5
b)
_x—1 dy (x*+1D(1) - (x—1)(2x)
Y=yt dx (x2+1)2
dy
a=0 = X*+1DD)-Ex-1D2x)=0 = —x?2+2x+1=0

2+V4+4
= —1++2

= x2-2x—-1=0 = «x 5 1+



4.
a) Describe the graph transformation which maps y = f(x — 1) ontoy = f(x + 3).

[2 marks]
b) Describe the graph transformation which maps y = f(2x) ontoy = f(4x — 8).

[4 marks]
¢) Find the coordinates of the image of the point P(3, —2) under the transformation described in b).

[2 marks]
4.
a)

Translation by vector [_04]

b)
Stretch in the x direction by scale factor % followed by a translation by vector [3]
OR:

Translation by vector [g] followed by a stretch in the x direction by scale factor %

02 (2)

(3,-2) > (7,-2) > (;,—z>

c)

OR:



5. The functions f and g are defined with their respective domains by
f(x) =x2+5x—6, forx>1
g(x) =|x+ 10|, forall realvalues of x

a) Find the range of f.

[2 marks]
b) The inverse of f is 1.
Find f~1(x). Give your answer in its simplest form.

[4 marks]
c)i. Find f g(x).

[1 mark]

ii. Solve the equation fg(x) = 8

[6 marks]
5.
a)

fX)=x*+5x—6=(x+6)(x—1) \ ‘/

Therefore the graph y = f(x) crosses the x-axis at the points x = —6andx = 1
(and the y-axis at y = —6). From the graph it is apparent that the range is:

f(x)=0

= (x+3) T (er3) -5

b)

Lety = f(x):

Reflecting iny = x:

However, since the range of f 1 is the domain of f, itis f ~1(x) > 1. Therefore we reject the —ve root:

—5++V4x + 49
2

f‘l(x)=—;+ x+% or fl(x)=

fgx) = f(g(x)) = f(x +10]) = (|x + 10))? + 5|]x + 10| — 6 = (x + 10)2 + 5|x + 10| — 6

(x+10)2+5(x+10)—6=8 or (x+10)>2—-5(x+10)—6=38
(x+10)2+5(x+10)—14=0 = x*+20x+100+5x+50—-14=0 = x?2+25x+136=0
= (xX+8)(x+17)=0 = x=-8 or x=-17
(x+10)2—5(x+10)—14=0 = x2+20x+100—-5x—50—15=0 = x2+15x+36=20

= ((x+3)(x+12)=0 = x=-4 or x=-11. Allsolutions: x = —17,—12,—8 or -3



6.

a) By using integration by parts twice, find
X
2
x°cos— dx
f 2
[6 marks]

b) The curve below has equation y = x [cos g for0 <x <m.

2_

2

The region bounded by the curve and the x-axis is rotated through 2 radians about the x axis to generate
a solid. Find the exact value of the volume of the solid generated.

[3 marks]
6.
a)
Integrating [ x? cosg dx by parts:
5 dv X
u=x — =cos—
dx 2
du _

2 = 2si X

o, =2 v=2sing

fxz cosf dx = 2x? sinf—félxsinf dx = 2x? sinf—élfxsinf dx
2 2 2 2 2

Integrating [ x sin;—c dx by parts:

_ dv_ X
u=x dx—sm2
du_1 _ X
I v = cos2

j in= dx = —2x cos~ J 2 oS> dx = —2x oS~ + 4sin= + K
.XSlnz X = .XCOSZ COS2 X = XCOSZ Slnz

Substituting into expression for fxz cosg dx and incorporating the constant of integration:

fxz cosE dx = 2x? sinf—4(—2xcosf+4sinf) + C = 2x? sin£+8xcos£— 16sinf+ C
2 2 2 2 B 2 2 2

b)
m m X X X x1™
V=71'J yzdx=nj x? cos— dx=n[szsin—+8xcos——16sin—] = n[(2n? — 16) — (0)]
. . 2 2 2 2],

= V=2n(n?-298)



7. Use the substitution u = 4 — x* to find the exact value of

1,7
d
_l; 4 — x4 x

[6 marks]

du

u=4—x* = —=
dx

1
—4x3 = -2 du = x3 dx
x=0 = u=4-0=4 and x=1 = u=4-1*=3

j‘l x’ = 1 3x4‘d 3 1[34—ud B 1[34 L du = 1[41 2
CA—xt T TR T TR, Ty T Ty T T T

1 1 1
=—7[(4In3-3)~ (44— 4] = -2 [4(n3-In4) + 1] =In4 —In3 -



. 1-cosx sinx
a) Show that the expression —
sinx 1—cos

~can be written as 2 cosec x.

[4 marks]

b) Hence solve the equation

1—cosx sinx )
=3cot*x—5

- +
sinx 1—cosx

giving the values of x to the nearest degree in the interval 0° < x < 360°.
[6 marks]

c¢) Hence solve the equation

1-— cosg(% - 200) N sin (% ; 200) = 3 cot? (g - 20°) =5
sin(3-20°) 1= cos(3-20°)

giving the values of 0 to the nearest degree in the interval 0° < 6 < 360°.
[3 marks]
[Total: 75 marks]

8.
a)
1—cosx sinx  (1—cosx)? sin? x
sinx 1—cosx sinx(1—cosx) sinx(1— cosx)
(1 —cosx)?+sin?x 1—2cosx + cos?x + sin®x 2—2cosx 2
= , = - = — = ——=2cosecx
sinx (1 — cosx) sinx (1 — cosx) sinx (1 —cosx) sinx
b)
2cosecx =3cot?x —5 = 2cosecx = 3(cosec’x—1)—5 = 3cosec’x —2cosecx —8 =10
4
= (3cosecx +4)(cosecx —2) =0 = cosecx = —3 or cosecx = 2

Solving in the interval 0° < x < 360°:

3 1
sinx = ~2 or sinx = 3 = x =228.59..°311.40..° or x = 30°150°

All solutions: x = 30°,150°,229°,311° to the nearest degree.

c)

0
0°<0<360 = —20°SE—20°<160°

0 0
5—20 = 30° or 150° = 5= 50 or 170 = 0 =100° or 340°



