AQA MPC4 Core 4 Mathematics 12 June 2014

Question Paper and Worked Solutions

Please note, this document represents my own solutions to the questions, is entirely unofficial and is not related to
the mark scheme (which | have not seen). Therefore, while it should help you see how to do the questions, it won’t
include every valid method or give you a break down of the mark allocation. If you spot any errors, or think you have

found a better solution, please email me so | can update it.
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1 A curve is defined by the parametric equations x = > -1
(a) Find the gradient at the point on the curve where ¢ = 2.
(b) Find a Cartesian equation of the curve.
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4x3 — 2x2 + 16x — 3 B(4x —1)

2 (a Given that = can be expressed as A; ———— _ find the
@ 2x2 - x2 P 1C+2,~:2—..xr—f-2
values of the constants 4 and B.
[3 marks]
(b) The gradient of a curve is given by
dy_4x3—2x2—i— 16x — 3
de  2x2—x+42
The point (—1, 2) lies on the curve. Find the equation of the curve.
[4 marks]
2.
a)
2 B(4x—1) Ax(2x* —x+2)+B(4x—1) 4x®—2x*+16x -3
x+2x2—x+2_ 2x2 —x+2 - 2x2 —x+2

= Ax(2x?—x+2)+B(4x—1)=4x3—2x2+16x—3
= 2Ax3 — Ax? + 2Ax 4+ 4Bx — B = 4x3 — 2x*> + 16x — 3

Comparing coefficients: A=2 and B =3

b)
L4 _f4x3—2x2+16x—3d
f Y= 2x%2 —x+2 x
_ g W=D —fz d +3f Pl =2 43m@x—x+2)+C
= y—fx 22— x4 T 22 —x42 07X mexs—x
x=-1 at y=2 = 2=(-1)?2+3InQ2(-1)?>-(-1D+2)+C
= 2=1+43In5+C = (=1-3In5 = y=x*+3In(2x>-x+2)+1-3In5
1
3 (a) Find the binomial expansion of (1 — 4x)# up to and including the term in x2.
[2 marks)]
(b) Find the binomial expansion of (2 +3x) 3 up to and including the term in x2.
[3 marks]
1
. . '. (] — 4-75)4 . . . )
(c) Hence find the binomial expansion of m up to and including the term in x~.
Y-
[2 marks]
3.
a)
1 1 1 3\ (—4x)% 3,
(-1 1+ (g) 40+ (3) (-3) 7 =1-x -3
b)
3 2
PN = . 3<3 (—3)(—4)(7x) 19 27,
24307~ ( +§x) ~ 8 +(_)§x)+ 2 8 16" 16"
c)
1
(1—-4x)%

1 3 N1 9 27 5\ 1 11 33,
=(1—4x)4(2+3x)‘3=(1—x——x)(——— +1—6x>

2% )8 16" 8 16" 16"

(2+3x)3



a)

b)

A painting was valued on 1 April 2001 at £5000.
The value of this painting is modelled by
V =Ap'

where £} is the value ¢ years after 1 April 2001, and A and p are constants.

(a) Write down the value of A4.

[1 mark]

(b) According to the model, the value of this painting on 1 April 2011 was £25 000 .

Using this model:

(i) show that p'® = 5;
[1 mark]

(ii) use logarithms to find the year in which the painting will be valued at £75 000.
[4 marks]

(c) A painting by another artist was valued at £2500 on 1 April 1991. The value of this

painting is modelied by
W = 25(}09"
where £ is the value ¢ years after 1 April 1991, and g is a constant.

(i) Show that, according to the two models, the value of the two paintings will be the
same T years after 1 April 1991,
5
In| =
)

()

(ii) Given that p = 1.029¢, find the year in which the two paintings will have the same
value.

where 7' =

[4 marks]

[1 mark]
A =5000

V =5000p = 25000 =5000p° = pl®=5

1 t
= 5000 x (SE) — 5000 x 591 = 75000 = 5000 x 5%1f = 15=501t =— 315 = |n501¢

In15

= ~ . N
01Ins5 t~ 16.83 between 2017 and 2018

= In15=0.1tln5 =

9
1/an 2018 = t=16+ 2= 16.75 therefore value becomes £75000 in 2018



c)

5000p7"10 = 2500¢q"7 = 2pT10=¢q"T = I2p" 1% =In(g") = 2+ (T—-10)Inp=TIng

= In2+Tlnp—-10lnp—-Tlng=0 = T(np—-Ing)=10lnp—-In2 = T=

5 (a) (i)

(i)

(b) (i)

(i)

(c) (i)

(i)

(iii)

a)

_10lnp—In2
Inp—Ing

_lnp10—1n2_ln5—ln2_ln(g)
- 1n(§) - 1n(§) _ln(g)

In (E) In (E)
p=1029q = T-= In (1.0229q) - ln(1.0229)

~ 32.052 = Theyear 2023

Express 3sinx + 4 cosx in the form Rsin(x + o) where R > 0 and 0° < o <90°,

giving your value of « to the nearest 0.1°.
[3 marks]

Hence solve the equation 3sin26 + 4cos26 = 5 in the interval 0° < 0 < 360°,
giving your solutions to the nearest 0.1°.
[3 marks]
Show that the equation tan 26 tan = 2 can be written as 2tan’ 0 = 1.
[2 marks]
Hence solve the equation tan 26 tan 0 = 2 in the interval 0° < 0 < 180°,
giving your solutions to the nearest 0.1°.
[2 marks]
Use the Factor Theorem to show that 2x — 1 is a factor of 8x* —4x + 1.
[1 mark]
Show that 4 cos26 cosf + 1 can be written as 8x* —4x + 1 where x = cos0.
[1 mark]
Given that 6 = 72° is a solution of 4 cos26 cosf + 1 = 0, use the results from
V5 —1
parts (c)(i) and (c)(ii) to show that the exact value of cos 72° is (T) where p is
an integer.
‘ [3 marks]

3sinx+4cosx =Rsin(x+a) = R=+3%2+42=5

sin(x + a) =sinxcosa + cosxsina = 3sinx+ 4cosx =5cosasinx + 5sina cosx

= 3=5cosa and 4=5sina = a=531°told.p. = 3sinx+4cosx =5sin(x+ 53.1°)

0°< 6 <360° = 53.1°<260+53.1°<773.1°
3sin260 +4cos260 =5 = 5sin(20+53.1°) =5 = sin(20 +53.1°) =1

= 260 +53.1°=90°450° = 6=18.4° or 0 =198.4°



tan(4 + B) tanA + tan B tan 20 2tan@
= = - "
an 1—tanAtanB an 1—tan?0
2tan? 6 )
tan20tanf =2 = m:z = 2tan’f# =2-2tan’f = 4tan’f=2 = 2tan’6=1
ii.
0°< 6 <180°

1
tan20tanf =2 = 2tan’f=1 = tanf=+— = 60 =35.3°144.7°

V2

(ax + b) is a factor of f(x) & f<—§>=0

3

flx)=8x3—4x+1 f(%)=8(%) —4(%>+1=1—2+1=0 = (2x—1)isa factor

cos(A + B) = cosAcosB —sinAsinB = cos260 = cos?6 —sin?6 = 2cos?6 — 1

4c0s260cosf+1=4(2cos?’0 —1)cosf +1=8cos>0—4cos@+1=8x3—4x+1 wherex = cos8
iii.

1 1
8x3 —4x+1=02x—-1)(“4x*+2x—-1) = x=5 = 9=cos‘1§=60°,300°,...

2422 -4H(1) _ -2+v20 -2+2V5 -1++5 -1-+5

OR: cosf =x= 3 = 3 3 7 or 2
—-1—-+/5
cos 6 = % = 0 =144°216°, ..
—-1+4++5 5-1
c059=¥ = 9=72°288 = cos72 =" and p =4

[ 47 [—1
6 The line [, has equation r=| =5 |+ 41| 3
| 3] L1
' [ 77 [ 2
The line /; has equation r =| =8 [+ u| —3
| 6] |1

The point P lies on /; where 4 = —1. The point Q lies on /, where u = 2.
1

-

(a) Show that the vector PQ is parallel to | —1

1
[3 marks]

(b) The lines /; and /, intersect at the point R(3, b, ¢).

(i) Show that » = —2 and find the value of c.
[3 marks]



(ii) The point S lies on a line through P that is parallel to /,. The line RS is perpendicular
to the line PQ.

Find the coordinates of S.

[4 marks]
6.
a)
L[4 11 [5] 7 2 11
OP = |5 +(—1)[3 =[—8 00 = |-8[+(2) —3]=[—14]
3 1 2 | 6 1 8
11 [ 5 [ 6 1 1
PQ =00 —-0P = —14]— —8‘= —6]=6[—1] = PQ parallel to [—1]
8 | 2 L 6 1 1
b)
i
4 -1 7 2 4-2 7+ 2u
ly and |, intersect when: |-5(4+ A1 3]= —-8|+u —3] = |-5+431|=|-8—-3u
3 1 6 1 3+41 6+u

3+1=6+u = A=3+u
4-1=742u = 4-CB+wW=7+2u = pu=-2 = A1=1

—5+3(1)=-2 and —8—3(—2) = -2 = Lines intersect when 1 = 1 (or, equivalently, when u = —2)

4—2 3 3
A=1 = —54+31|=[|-2 =[b whereb = -2 and c =4
3+ 4 c
. 5 [ 2 5+ 2k o 3 [ 5+ 2k -2 -2k
0S=|-8|+k|-3|=|-8—3k|] and SR=0OR-0S=|-2|—-|-8-3k|=| 6+ 3k
2 1 2+k 4 | 2+ k 2—k
—2-2k 1] . 5+2(-1) ]
6+3k | |[-1|=0 = k=-1 = 05=|-8-3(-1)| = §:(3,-51)
2—k 11 2+ (-1 |




A curve has equation cos2y + ye¥ = 2r.

T
The point A(ln 2 H) lies on this curve.

d g
(a) (i) Find an expression for a}
[6 marks]

(i) Hence find the exact value of the gradient of the curve at 4.
. [1 mark]

(b) The normal at 4 crosses the y-axis at the point B. Find the exact value of the
y-coordinate of B.

[2 marks]
d d d
cos2y +ye3* =2r = —2sin Zyé + y(3e3*) + e3"£ =0 = d—z(e“ — 2sin2y) = —3ye3*
dy  —3ye**
dx e3* —2sin2y
s 3 3
. dy -3 (Z)e3an2) _Telns _T(S) 61
x=In2 and y=— = —-—= — = 7= = =1
4 dx e3(n2) _ 24in2 (Z) elng _ o sini 8-2 6
dy ] 1
—=-n = (Gradient of normal = —
dx s
= = m_1 In2
y—y1 =mx —xq) y 4—n(x n2)
c s wh —0 = n_l(o n2) = n_—an _ W In2
rosses y — axis when x = YL = n Yo = Y=1"



16 A B ]
8 (a) Express — xiz in the form + — : ¢
(1—3x)(1+x

1—-3x l4+x (1+x)°

[4 marks]
(b) Solve the differential equation
dy 16xe?
dr  (1-3x)(1+x)°
where y =0 when x =0.
Give your answer in the form f(y) = g(x).
[7 marks]
8.

16x A B C

- + + =
1-3x)14+x)? 1-3x 1+x ([A+x)?

16x = A1+ x)?2 + B(1 +x)(1 —3x) + C(1 — 3x)

Atx=-1: —16=4C = C(=-4 Atx =

Comparing coef ficients: 0=A+B+C = B=1

_ 16x _.3 .1 -4
(1-30)1+x)?2 1-3x 1+x (1+x)?
b)
dy 16xe?Y - f 2y gy = f 16x p
dx  (1-3x)(1+x)? ¢C YT a3+ ™

e~y 3 1 —4

—3 1
= - = dx = — d ——dx—4|[(1+x)"?%d
2 j1—3x+1+x+(1+x)2 x f1—3x erf1+x x f( X)) dx

e~%y

> —In(1-3x)+In(1+x)—4(-Q+x)™H+C

1 9
y=0when x=0 = —§=0+0—4(—(1)‘1)+C = —5=C

1-3x 8

— +9
1+x 1+x

= e % =2In
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