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Question Paper and Worked Solutions 
Please note, this document represents my own solutions to the questions, is entirely unofficial and is not related to 
the mark scheme (which I have not seen).  Therefore, while it should help you see how to do the questions, it won’t 
include every valid method or give you a break down of the mark allocation.  If you spot any errors, or think you have 
found a better solution, please email me so I can update it.   
 

 
1. 
a) 

𝑑𝑥

𝑑𝑡
= 𝑡       

𝑑𝑦

𝑑𝑡
= −4𝑡−2 

 

⟹   
𝑑𝑦

𝑑𝑥
=

𝑑𝑦
𝑑𝑡
𝑑𝑥
𝑑𝑡

= −
4𝑡−2

𝑡
= −4𝑡−3 = −

4

𝑡3
                    𝑡 = 2   ⟹   

𝑑𝑦

𝑑𝑥
= −

4

23
= −

𝟏

𝟐
 

b) 

𝑦 =
4

𝑡
− 1   ⟹     𝑦 + 1 =

4

𝑡
   ⟹     𝑡 =

4

𝑦 + 1
 

 

𝑥 =
𝑡2

2
+ 1 =

(
4

𝑦 + 1
)
2

2
+ 1   ⟹     𝒙 =

𝟖

(𝒚 + 𝟏)𝟐
+ 𝟏 
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2. 
a) 

𝐴𝑥 +
𝐵(4𝑥 − 1)

2𝑥2 − 𝑥 + 2
=

𝐴𝑥(2𝑥2 − 𝑥 + 2) + 𝐵(4𝑥 − 1)

2𝑥2 − 𝑥 + 2
=

4𝑥3 − 2𝑥2 + 16𝑥 − 3

2𝑥2 − 𝑥 + 2
 

 

⟹     𝐴𝑥(2𝑥2 − 𝑥 + 2) + 𝐵(4𝑥 − 1) = 4𝑥3 − 2𝑥2 + 16𝑥 − 3 
 

⟹     2𝐴𝑥3 − 𝐴𝑥2 + 2𝐴𝑥 + 4𝐵𝑥 − 𝐵 = 4𝑥3 − 2𝑥2 + 16𝑥 − 3 
 
Comparing coefficients:    𝑨 = 𝟐    𝑎𝑛𝑑    𝑩 = 𝟑 
b) 

∫1 𝑑𝑦 = ∫
4𝑥3 − 2𝑥2 + 16𝑥 − 3

2𝑥2 − 𝑥 + 2
 𝑑𝑥 

 

⟹     𝑦 = ∫2𝑥 +
3(4𝑥 − 1)

2𝑥2 − 𝑥 + 2
 𝑑𝑥 = ∫2𝑥 𝑑𝑥 + 3∫

4𝑥 − 1

2𝑥2 − 𝑥 + 2
 𝑑𝑥 = 𝑥2 + 3 ln(2𝑥2 − 𝑥 + 2) + 𝐶 

 

𝑥 = −1    𝑎𝑡    𝑦 = 2   ⟹     2 = (−1)2 + 3 ln(2(−1)2 − (−1) + 2) + 𝐶 
 

⟹     2 = 1 + 3 ln 5 + 𝐶   ⟹     𝐶 = 1 − 3 ln 5    ⟹     𝒚 = 𝒙𝟐 + 𝟑 𝐥𝐧(𝟐𝒙𝟐 − 𝒙 + 𝟐) + 𝟏 − 𝟑 𝐥𝐧𝟓 

 

 
3. 
a) 

(1 − 4𝑥)
1
4 ≈ 1 + (

1

4
) (−4𝑥) + (

1

4
) (−

3

4
)
(−4𝑥)2

2
= 𝟏 − 𝒙 −

𝟑

𝟐
𝒙𝟐 

b) 

(2 + 3𝑥)−3 ≈ 2−3 (1 +
3

2
𝑥)

−3

=
1

8
[1 + (−3) (

3

2
𝑥) +

(−3)(−4) (
3
2 𝑥)

2

2
] =

𝟏

𝟖
−

𝟗

𝟏𝟔
𝒙 +

𝟐𝟕

𝟏𝟔
𝒙𝟐 

c) 

(1 − 4𝑥)
1
4

(2 + 3𝑥)3
= (1 − 4𝑥)

1
4(2 + 3𝑥)−3 = (1 − 𝑥 −

3

2
𝑥2) (

1

8
−

9

16
𝑥 +

27

16
𝑥2) ≈

𝟏

𝟖
−

𝟏𝟏

𝟏𝟔
𝒙 +

𝟑𝟑

𝟏𝟔
𝒙𝟐 



 
4. 
a) 

𝑨 = 𝟓𝟎𝟎𝟎 
b) 
i. 

𝑉 = 5000𝑝𝑡    ⟹     25000 = 5000𝑝10    ⟹    𝒑𝟏𝟎 = 𝟓 
ii. 

𝑉 = 5000 × (5
1
10)

𝑡

= 5000 × 50.1𝑡     ⟹     75000 = 5000 × 50.1𝑡     ⟹     15 = 50.1𝑡     ⟹     ln 15 = ln 50.1𝑡 

 

⟹   ln 15 = 0.1𝑡 ln 5    ⟹  
ln 15

0.1 ln 5
= 𝑡 ≈ 16.83   ⟹     𝑏𝑒𝑡𝑤𝑒𝑒𝑛 2017 𝑎𝑛𝑑 2018 

 

1 𝐽𝑎𝑛 2018   ⟹     𝑡 = 16 +
9

12
= 16.75   𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑣𝑎𝑙𝑢𝑒 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 £75000 𝑖𝑛 𝟐𝟎𝟏𝟖 

 



c) 
i. 

5000𝑝𝑇−10 = 2500𝑞𝑇    ⟹     2𝑝𝑇−10 = 𝑞𝑇    ⟹   ln(2𝑝𝑇−10) = ln(𝑞𝑇)    ⟹   ln 2 + (𝑇 − 10) ln 𝑝 = 𝑇 ln 𝑞 
 

⟹  ln 2 + 𝑇 ln 𝑝 − 10 ln 𝑝 − 𝑇 ln 𝑞 = 0   ⟹     𝑇(ln 𝑝 − ln 𝑞) = 10 ln 𝑝 − ln 2     ⟹     𝑇 =
10 ln 𝑝 − ln 2

ln 𝑝 − ln 𝑞
 

 

𝑇 =
ln𝑝10 − ln 2

ln (
𝑝
𝑞
)

=
ln 5 − ln 2

ln (
𝑝
𝑞
)

=
𝐥𝐧(

𝟓
𝟐
)

𝐥𝐧 (
𝒑
𝒒
)

 

ii. 

𝑝 = 1.029𝑞   ⟹     𝑇 =
ln (

5
2
)

ln (
1.029𝑞

𝑞 )
=

ln (
5
2
)

ln(1.029)
≈ 32.052   ⟹     𝑻𝒉𝒆 𝒚𝒆𝒂𝒓 𝟐𝟎𝟐𝟑 

 

 
5. 
a) 
i. 

3 sin 𝑥 + 4 cos 𝑥 = 𝑅 sin(𝑥 + 𝛼)    ⟹     𝑅 = √32 + 42 = 5 
 

sin(𝑥 + 𝛼) = sin 𝑥 cos𝛼 + cos 𝑥 sin𝛼    ⟹    3 sin 𝑥 + 4 cos 𝑥 = 5 cos𝛼 sin𝑥 + 5 sin𝛼 cos 𝑥 
 

⟹     3 = 5 cos𝛼     𝑎𝑛𝑑    4 = 5 sin𝛼    ⟹    𝛼 = 53.1° 𝑡𝑜 1 𝑑. 𝑝.   ⟹     3 sin 𝑥 + 4 cos𝑥 = 𝟓𝐬𝐢𝐧(𝒙 + 𝟓𝟑. 𝟏°) 
ii. 

0° < 𝜃 < 360°   ⟹     53.1° < 2𝜃 + 53.1° < 773.1° 
 

3 sin2𝜃 + 4 cos2𝜃 = 5   ⟹    5 sin(2𝜃 + 53.1°) = 5   ⟹   sin(2𝜃 + 53.1°) = 1 
 

⟹     2𝜃 + 53.1° = 90°, 450°   ⟹     𝜽 = 𝟏𝟖. 𝟒°    𝒐𝒓    𝜽 = 𝟏𝟗𝟖. 𝟒° 



b) 
i. 

tan(𝐴 + 𝐵) =
tan𝐴 + tan𝐵

1 − tan𝐴 tan𝐵
   ⟹  tan 2𝜃 =

2 tan𝜃

1 − tan2 𝜃
 

 

tan 2𝜃 tan 𝜃 = 2   ⟹  
2 tan2 𝜃

1 − tan2 𝜃
= 2   ⟹   2 tan2 𝜃 = 2 − 2 tan2 𝜃    ⟹    4 tan2 𝜃 = 2   ⟹    𝟐 𝐭𝐚𝐧𝟐 𝜽 = 𝟏 

ii. 
0° ≤ 𝜃 ≤ 180° 

 

tan 2𝜃 tan 𝜃 = 2   ⟹    2 tan2 𝜃 = 1   ⟹   tan 𝜃 = ±
1

√2
   ⟹     𝜽 = 𝟑𝟓. 𝟑°, 𝟏𝟒𝟒. 𝟕° 

c) 
i. 

(𝑎𝑥 + 𝑏) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑓(𝑥)     ⟺     𝑓 (−
𝑏

𝑎
) = 0 

 

𝑓(𝑥) = 8𝑥3 − 4𝑥 + 1        𝑓 (
1

2
) = 8 (

1

2
)
3

− 4(
1

2
) + 1 = 1 − 2 + 1 = 0   ⟹    (𝟐𝒙 − 𝟏) 𝒊𝒔 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 

ii. 
cos(𝐴 + 𝐵) = cos𝐴 cos𝐵 − sin𝐴 sin𝐵    ⟹  cos2𝜃 = cos2 𝜃 − sin2 𝜃 = 2 cos2 𝜃 − 1 

 

4 cos 2𝜃 cos 𝜃 + 1 = 4(2 cos2 𝜃 − 1) cos 𝜃 + 1 = 𝟖𝐜𝐨𝐬𝟑 𝜽 − 𝟒𝐜𝐨𝐬𝜽 + 𝟏 = 𝟖𝒙𝟑 − 𝟒𝒙 + 𝟏    𝒘𝒉𝒆𝒓𝒆 𝒙 = 𝐜𝐨𝐬𝜽 
iii. 

8𝑥3 − 4𝑥 + 1 = (2𝑥 − 1)(4𝑥2 + 2𝑥 − 1)    ⟹     𝑥 =
1

2
   ⟹     𝜃 = cos−1

1

2
= 60°, 300°,… 

 

𝑂𝑅:   cos 𝜃 = 𝑥 =
−2 ± √22 − 4(4)(−1)

8
=

−2 ± √20

8
=

−2 ± 2√5

8
=

−1 + √5

4
    𝑜𝑟   

−1 − √5

4
 

 

cos𝜃 =
(−1 − √5)

4
   ⟹     𝜃 = 144°, 216°,… 

 

cos 𝜃 =
(−1 + √5)

4
   ⟹     𝜃 = 72°, 288°   ⟹    𝐜𝐨𝐬 𝟕𝟐 =

√𝟓 − 𝟏

𝟒
    𝑎𝑛𝑑    𝒑 = 𝟒 

 

 



 
6. 
a) 

𝑂𝑃⃗⃗⃗⃗  ⃗ = [
4

−5
3

] + (−1) [
−1
3
1

] = [
5

−8
2

]                𝑂𝑄⃗⃗⃗⃗⃗⃗ = [
7

−8
6

] + (2) [
2

−3
1

] = [
11

−14
8

] 

 

𝑃𝑄⃗⃗⃗⃗  ⃗ = 𝑂𝑄⃗⃗⃗⃗⃗⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ = [
11

−14
8

] − [
5

−8
2

] = [
6

−6
6

] = 𝟔 [
𝟏

−𝟏
𝟏

]    ⟹    𝑷𝑸⃗⃗⃗⃗⃗⃗  𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 [
𝟏

−𝟏
𝟏

] 

b) 
i. 

𝑙1  𝑎𝑛𝑑  𝑙2  𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑤ℎ𝑒𝑛:    [
4

−5
3

] + 𝜆 [
−1
3
1

] = [
7

−8
6

] + 𝜇 [
2

−3
1

]    ⟹    [
4 − 𝜆

−5 + 3𝜆
3 + 𝜆

] = [
7 + 2𝜇

−8 − 3𝜇
6 + 𝜇

] 

 
3 + 𝜆 = 6 + 𝜇    ⟹     𝜆 = 3 + 𝜇 

 
4 − 𝜆 = 7 + 2𝜇   ⟹     4 − (3 + 𝜇) = 7 + 2𝜇   ⟹     𝜇 = −2   ⟹     𝜆 = 1 

 
−5 + 3(1) = −2  𝑎𝑛𝑑  − 8 − 3(−2) = −2 ⟹  𝐿𝑖𝑛𝑒𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑤ℎ𝑒𝑛 𝜆 = 1 (𝑜𝑟, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝑤ℎ𝑒𝑛 𝜇 = −2) 

 

𝜆 = 1   ⟹     [
4 − 𝜆

−5 + 3𝜆
3 + 𝜆

] =  [
𝟑

−𝟐
𝟒

] = [
𝟑
𝒃
𝒄
]     𝒘𝒉𝒆𝒓𝒆 𝒃 = −𝟐  𝒂𝒏𝒅  𝒄 = 𝟒 

ii. 

𝑂𝑆⃗⃗⃗⃗  ⃗ = [
5

−8
2

] + 𝑘 [
2

−3
1

] = [
5 + 2𝑘

−8 − 3𝑘
2 + 𝑘

]     𝑎𝑛𝑑    𝑆𝑅⃗⃗⃗⃗  ⃗ = 𝑂𝑅⃗⃗⃗⃗  ⃗ − 𝑂𝑆⃗⃗⃗⃗  ⃗ = [
3

−2
4

] − [
5 + 2𝑘

−8 − 3𝑘
2 + 𝑘

] = [
−2 − 2𝑘
6 + 3𝑘
2 − 𝑘

] 

 

[
−2 − 2𝑘
6 + 3𝑘
2 − 𝑘

] ⋅ [
1

−1
1

] = 0    ⟹     𝑘 = −1   ⟹    𝑂𝑆⃗⃗⃗⃗  ⃗ = [

5 + 2(−1)
−8 − 3(−1)
2 + (−1)

]    ⟹     𝑺: (𝟑, −𝟓, 𝟏) 

 



 

 
7. 
a) 
i. 

cos 2𝑦 + 𝑦𝑒3𝑥 = 2𝜋   ⟹   −2 sin 2𝑦
𝑑𝑦

𝑑𝑥
+ 𝑦(3𝑒3𝑥) + 𝑒3𝑥

𝑑𝑦

𝑑𝑥
= 0   ⟹   

𝑑𝑦

𝑑𝑥
(𝑒3𝑥 − 2 sin 2𝑦) = −3𝑦𝑒3𝑥 

 

⟹   
𝒅𝒚

𝒅𝒙
=

−𝟑𝒚𝒆𝟑𝒙

𝒆𝟑𝒙 − 𝟐𝐬𝐢𝐧𝟐𝒚
 

ii. 

𝑥 = ln2   𝑎𝑛𝑑  𝑦 =
𝜋

4
   ⟹   

𝑑𝑦

𝑑𝑥
=

−3(
𝜋
4) 𝑒3(ln2)

𝑒3(ln2) − 2 sin 2 (
𝜋
4)

=
−

3𝜋
4 𝑒ln8

𝑒ln 8 − 2 sin
𝜋
2

=
−

3𝜋
4

(8)

8 − 2
=

−6𝜋

6
= −𝝅 

b) 
𝑑𝑦

𝑑𝑥
= −𝜋   ⟹     𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 =

1

𝜋
 

 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)    ⟹     𝑦 −
𝜋

4
=

1

𝜋
(𝑥 − ln 2) 

 

𝐶𝑟𝑜𝑠𝑠𝑒𝑠 𝑦 − 𝑎𝑥𝑖𝑠 𝑤ℎ𝑒𝑛 𝑥 = 0   ⟹     𝑦 −
𝜋

4
=

1

𝜋
(0 − ln 2)    ⟹     𝑦 −

𝜋

4
=

− ln 2

𝜋
   ⟹     𝒚 =

𝝅

𝟒
−

𝐥𝐧𝟐

𝝅
 

  



 
8. 
a) 

16𝑥

(1 − 3𝑥)(1 + 𝑥)2
=

𝐴

1 − 3𝑥
+

𝐵

1 + 𝑥
+

𝐶

(1 + 𝑥)2
   ⟹     16𝑥 = 𝐴(1 + 𝑥)2 + 𝐵(1 + 𝑥)(1 − 3𝑥) + 𝐶(1 − 3𝑥) 

 

𝐴𝑡 𝑥 = −1:   − 16 = 4𝐶   ⟹     𝐶 = −4            𝐴𝑡 𝑥 =
1

3
:   

16

3
=

16𝐴

9
   ⟹     𝐴 = 3 

 
𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠:    0 = 𝐴 + 𝐵 + 𝐶   ⟹     𝐵 = 1 

 

⟹    
16𝑥

(1 − 3𝑥)(1 + 𝑥)2
=

𝟑

𝟏 − 𝟑𝒙
+

𝟏

𝟏 + 𝒙
+

−𝟒

(𝟏 + 𝒙)𝟐
 

b) 
𝑑𝑦

𝑑𝑥
=

16𝑥𝑒2𝑦

(1 − 3𝑥)(1 + 𝑥)2
   ⟹    ∫ 𝑒−2𝑦 𝑑𝑦 = ∫

16𝑥

(1 − 3𝑥)(1 + 𝑥)2
 𝑑𝑥 

 

⟹   −
𝑒−2𝑦

2
= ∫

3

1 − 3𝑥
+

1

1 + 𝑥
+

−4

(1 + 𝑥)2
 𝑑𝑥 = −∫

−3

1 − 3𝑥
 𝑑𝑥 + ∫

1

1 + 𝑥
 𝑑𝑥 − 4∫(1 + 𝑥)−2 𝑑𝑥 

 

−
𝑒−2𝑦

2
= − ln(1 − 3𝑥) + ln(1 + 𝑥) − 4(−(1 + 𝑥)−1) + 𝐶 

 

𝑦 = 0  𝑤ℎ𝑒𝑛  𝑥 = 0   ⟹   −
1

2
= 0 + 0 − 4(−(1)−1) + 𝐶   ⟹   −

9

2
= 𝐶 

 

⟹    𝒆−𝟐𝒚 = 𝟐 𝐥𝐧
𝟏 − 𝟑𝒙

𝟏 + 𝒙
−

𝟖

𝟏 + 𝒙
+ 𝟗 
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