AQA MFP2 Further Pure 2 Further Mathematics 18 June 2014

Question Paper and Worked Solutions
Please note, this document represents my own solutions to the questions, is entirely unofficial and is not related to
the mark scheme (which | have not seen). Therefore, while it should help you see how to do the questions, it won’t
include every valid method or give you a break down of the mark allocation. If you spot any errors, or think you have
found a better solution, please email me so | can update it.

1 (a) Express —91 in the form rei where » >0 and —t < 0 < =.
' [2 marks]
(b) Solve the equation z* + 91 = 0, giving your answers in the form rei? where ¥ > 0
and nt<0<m. .
[5 marks]
1.
a)
T o,
|—9i| =9 arg(—9i) = -5 = —9i = 9¢™ 2"
b)

1; 2nmw 61 1'[) .

1
\Z . . 2 . 4 .
7449/ =0 = z=1%—9i= (93(2"”‘_)1)4 = \/§e( 2 g)‘ = @e‘g‘, ﬁe(Tn‘g)‘, ﬁe(Tn‘g)‘, \/§e(T‘§ t
. 3. 7T, 11w, T, 3m, 7, —5m,
=+/3e78 ,v/3e 8" ,V3e8",V3e 8 ' =+3e 8 ,V3e 8 ,V/3e8" ,V3e 8 "

2 (a) Sketch, on the Argand diagram below, the locus L of points satisfying

2
e ?ﬂ [3 marks]

(b) (i) A circle C, of radius 3, has its centre lying on L and touches the line Im(z) = 2.
Sketch C on the Argand diagram used in part (a).
[2 marks]

(ii) Find the centre of C, giving your answer in the form a + b1.
[3 marks]
2.
a) and b)i.

ii.
Forming a right-angled triangle with the lowest point of the circle, the centre of the circle and the point —2i:

T 3 3 3
tanz =~ = \/§=; = x=-—=+3 = Coordinates of centre: —+/3 + 5i

P
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2
Z

3 (a) Express (k+ 1)° +5(k+ 1) + 8 in the form k? + ak + b, where a and b are

constants.
[1 mark]
(b) Prove by induction that, for all integers n > 1,
n 1 r—1 . | n—1
er(rr l)<§) . =16 — (B +58+4 8) (§>
- [6 marks]
3.
a)
(k+1)?+5(k+1)+8=k*+2k+1+5k+5+8=Kk*>+7k+ 14
b)
Assume true forn = k:
k
1 r—1 1 k-1
it =16 — (k2 hd
Zr(r+1)(2> 16 — (k +5k+8)(2)
r=1
Whenn =k + 1:
k+1 k
1 r—1 1 r—1 1 (k+1)-1
Yre+n(3) =Y re+n(3) +G+D(E+D+1)(3)
r=1 r=1
— _ 2 _ —
— 16— (k +5k+8)(2) +(k+1)(k+2)(2>
1 k
=16 — (2(k? + 5k +8) — (k + D)(k + 2)} (E)
(k+1)-1
=16 — {2k?> + 10k + 16 — (k? + 3k + 2)} (E)
(k+1)-1 (k+1)-1
=16—{k2+7k+14}(§) =16—{(k+1)2+5(k+1)+8}(§) = trueforn=k+1
Whenn = 1:
1 r—1 1 0 1 0
Zr(r +1) (E) - (D) (E) —2 and 16— (12 +5(1) +8) (E) -2 = trueforn=1
r=1

True forn=k = Trueforn=k+1 and True forn=1 = By inductiontrue forn=>1



4 The roots of the equation
3 4+2224+3z-4=0
are o, f and 7",

(a) (i) Write down the value of « + 8 + v and the value of aff + fiy + yo.

[2 marks]
(i) Hence show that o? + 2 + 9% = —2.
[2 marks]
(b) Find the value of:
@) @+BB+)+B+10+a)+ (¢ +a)e+B):
[3 marks]
(i) (x+B)(B+7)y+a).
[4 marks]
(c) Find a cubic equation whose roots are x + f, f+7 and y + .
[3 marks]
4.
a)
i
b c
YSa=——=-2 and Xaf=—=3
" a a
1.
Ta? = (Za)? —2(Zaf) =(-2)>-23)=4—-6=-2
b)

i.
) a@+PB+Y)+B+GF+a)+F+a)a+p)=pF%+2af +y%+2af +a? + Zaf = Za? + 3Zaf =7
1.

(@+B)B+7)¥ +a) =afy +ap® +ay? + fa’ + py* +ya® + yp* + aPy = (Za)(Zap) — afy
afy = —g =4 and Za=-2 and Laf =3 = (Ca)Eapf)—-aBy=(-2)(3)—4=-10
c)

Za’=22a=—4=—é Za’ﬂ’=7=£ a’ﬁ'y’=—10=—g
a a a

a=1 = b=4 c=7 d=10 = x3+4x*+7x+10=0



5 (a) Using the definition sinh 8 = %(CS - e"e) . prove the identity

4sinh® A + 3 sinh # = sinh 36
[3 marks]

(b) Given that x = sinh 0 and 16x> + 12x — 3 = 0, find the value of 8 in terms of a
natural logarithm. '

[4 marks]
(c) Hence find the real root of the equation 16x® + 12x — 3 = 0, giving your answer in
the form 27 — 2q, where p and g are rational numbers.
[2 marks]
5.
a)
13 : 19—93 oo —onY_Llro_ —e3.3/6_ -0
4 sinh”® 6 + 3sinh 6 = 4 E(e —e ) +3 E(e —e ) =§(e —e ) +§(e —e )
Lee 30 6 -6 _ ,—-6 6 -0 1 30 -30 :
=§{(e —3e? +3e7% —e79) + (3e? — 3e )}=§(e —e73%) = sinh 360
b)
. . . . 3 1, o _agy 3
16sinh®0 + 12sinh@ —3 =0 = 4(sinh30)—-3=0 = smh39=Z = E(e3 —e 3)=Z
30 _ -39 _ 3 66 3 30 66 36 36 36
= e -e=o = ¥-1=-¢" = 29-3%-2=0 = (2e39 +1)(e®? —2) =0
36 1 36 1
= e =-3 or2 = e=2 = 30=In2 = 0:§ln2

1 N SR S S L S (UL S
9=§1n2 = x=51nh<§ln2>=§(e“2 —eln2 >=E<23_2 3)=2 3—273



6 (a) (i) Use De Moivre's Theorem to show that if z = cos ) +1isin0, then

n

1 o
z" — — = 2isinn0
-1

&

[3 marks]
- I
(i) Write down a similar expression for z” + —,
Z
[1 mark]
2 2
: 1 N
(b) (i) Expand |z z+—| interms df z.
z z
[1 mark]
(i) Hence show that
8 sin’ 6 cos® 8 = A + Bcos 40
where 4 and B are integers.
[2 marks]
(c) Hence, by means of the substitution x = 2sin 0, find the exact value of
2
J x2V4 — x2 dx
1
[5 marks]
6.
a)
i.
z=cosO+isin0 = z"=(cosf +isinf)" =cosnb +isinnd
and z7™ = (cosf +isinf) ™ = cos—nb + isin—nb = cosnf — i sinnb
1 - =
= z" o= z™" —z7" = (cosnb + isinnbh) — (cosnb — isinnf) = 2isinnd
ii.
1
z" +Z_" =z"+z™" = (cosnb + isinnb) + (cosnd — isinnf) = 2 cos n@
b)

2

1 1 1 1 2 2 1 s, 1
(z——) (z+—) =(22—2+—><22+2+—>=Z4+222+1—222—4——+1+—+—=z +—-2
z z2 z2 z2 z2 7% z

2
1
z—- z+— 1 1\2 1\2 1 1 1 1
8sin? @ cos?6 =8 ( ,Z) ( Z) =——<Z——> (z+—> =——(z4+——2):——<z4+—)+1
2 A z 2 A

1
—5(2c0549)+ 1=1-cos46

c)
sin~11

dx
x =2sinf = — = 2cos0 f 24 — xzdx—f 4 4sin®6+/4 — 4sin%20 (2) cosO db
S

do -

SIE]
NI

s
sin 4672 T T V3 v3 2@
:2]_ 8sin? 6 cos? 9d9—2] ) ]E:Z (E)_<6 8) =T+?

1 —cos46 d9=2[9—
. T



14x dy 1
7 (a) Given that y = tan ™' (%) and x # 1, show that f— =T33

- 2 o
[4 marks]
(b) Hence, given that x < 1, show that tan l —tan x = e
— X
[3 marks]
7.
a)
(1 +x 1+x dy (1-x)(1)-1+x)(-1) 2
— 1 — R A =
y = tan (1_ ) = tany T = sec o =2 a =2
(1+x)? 1+x)2+1—-x)?% 2(1+x?) dy 2(1+x?)

2 = 2 = = = 2 —_— —
sec’y=tan“y+1 A=x)2 1= x)2 1= )2 sec ydx 1= x)7?
dy 2 g (1-x?% (1 —x)? 1
dr (1—-x)2"2(1+x2) (1—x)2(1+x2) 1+x2

b)
v 1 1dy = [—— d —tanlx +C
dx 1+x2 f y_f1+x2 x = y=tan x4

1+x>

= tan lx+C = tan‘l(
1—x

14+x
1_

T
x=0 = tan_1< )ztan_l(l)zz and x=0 = tan'x+C=tan"'0+C=C

- =2 = tan‘1x+z—tan‘1(1+x> = tan‘1(1+x> tan~1 _z
4 4 1—x 1—x x—4



8 A curve has equation y = 2v/x — |, where x > 1. The length of the arc of the curve
between the points on the curve where x =2 and x = 9 is denoted by s.

¥
(a) Show that s :.J | —— dx.
» Vx—1
[3 marks]
(b) (i) Show that cosh™ 3 =21n(1 + v/2).
[2 marks]
(i) Use the substitution x = cosh” @ to show that
s =mv2+In(1 ++2)
where m is an integer.
[6 marks]
8.
a)
/ dy
y=2vx—1 = arclengthfromx=2tox=9 —s—f dx
—2(x—1)2 = d——(x—l) 2—
Vxi—1
X — 1
S—f ’ dx—f I dx—f / dx—f dx
X — 1
b)

i.
Using the formula book definition:
cosh™'x =In {x +/x% + 1} = cosh™'3 =In(3 +V8) = In(3 + 2v2)

OR, from first principles:

eX+e”*
cosh™3=x = 3=coshx = 3= > = 6= +e7*
6++32
= e —6e¥+1=0 = e*= > =34+2V2 = e*=3+2V2 = x=In(B+2V2)

(14+V2) =1+2VZ+2=3+2/Z = x=ln((1+\/§)2)=21n(1+\/§)



dx
x = cosh? = i 2 cosh 8 sinh 8

cosh™13 cosh2 6 21In(1+v2) cosh? @
f ’x— dx = fCOSh - “oshZg 12cosht9smht9 dg = —fln(1+\/§) pr ————2cosh6@sinh6 do

21In(1+v2)
2 cosh?6 do = f
In(14+v3)

sinh 26 2In(1+72)
cosh20+1d0O = [

f21n(1+«/5)
)

+
n(1+v2) 2 ]ln(1+\/§)

_ (sinh(4 lngl ++/2)) F2In(1+ \/E)) B (sinh(Zlngl ++/2)) FIn(1+ \/f))

B sinh (ln(l + \/5)4) _ sinh (ln(l + \/5)2)

_ _ +In(1+2)
_ %((1 +V2) - (14v2) = (1 +42) - (1+ ﬁ)_z)) +1n(1+2)
%(((3+2\/_) - lﬂ) ((3+ z)——)>+m(1+ﬁ)
((17+12f)—%f) (5+ f-—)ﬂn(lmz)

= %((17 +12v2 - (17 - 12v2)) - ((3 +2v2) - (3 - zx/i))) +1n(1 +v2)

= %(24\/5— 4v2) +In(1 +v2) = 5V2 + In(1 + V2)
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