AQA MFP1 Further Pure 1 Further Mathematics 10 June 2014

Question Paper and Worked Solutions

Please note, this document represents my own solutions to the questions, is entirely unofficial and is not related to
the mark scheme (which | have not seen). Therefore, while it should help you see how to do the questions, it won’t
include every valid method or give you a break down of the mark allocation. If you spot any errors, or think you have
found a better solution, please email me so | can update it.

1

A curve passes through the point (9, 6) and satisfies the differential equation

dy 1

dx 24+ %

Use a step-by-step method with a step length of 0.25 to estimate the value of y at
x =9.5. Give your answer to four decimal places.

[5 marks]

Yn+1 =Yn + h f(x,) where xp,.1=x,+h

h =0.25 x0=9 y0:6

Y1 =Yo+0.25f(xp) = 6 +0.25 X ( ) = 6.05

1
2 +/9

Y2 =¥1+0.25f(x;) = 6.05+ 0.25 X ( ) = 6.0996 to 4 d.p.

1
2 ++9.25
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(a)

(b)

(c)

The quadratic equation

2%+ 8x+1=0

has roots o and 3.

Write down the value of o + 8 and the value of aff .
_ [2 marks]
() Find the value of a2 + §2.
, [2 marks]
' 449
(i) Hence, or otherwise, show that o* + ,6’4 = £
[2 marks]
Find a quadratic equation, with integer coefficients, which has roots
g o g i
20" + 5 and 2f +5c5
[5 marks]
8
a+ﬁ=2a=——=—z=—4
_c 1
=272
1
@ + 2 = (@ + )2 — 2af = (—4)* —2(5) = 15
1\* 449
a* + p* = (a® + p*)? — 2a*B* = (15)* — 2 (E) 2
b Lo ope b a gy (OB (449 15
_;=2a=2a4+ﬁ+2ﬁ +?—2(a + B+ @p)? (2> (1)2
2
4
¢, 1 1\ . 0 s 11 1137
C=ap = (2a4+ﬁ)(2ﬁ’4+?) = 4(ap)* +2(a> + %) + (s = 4(2) +2015) +— =

2

a =4 = b'=-509x4=-2036 and ¢’ =137 = 4x*-2036x+137=0



n n
Use the formulae for Z 73 and Z 7% to find the value of

r=1 r=1

60

> rir—6)

-

r=s3

[4 marks]
n 2 n
;r3=%(n+1)2 ;r2=%(n+1)(2n+1)
60 60 2 60 60 2 2
r’(r—6)= ) r?(r—=6) — rz(r—6)={ r3—6 rz}—{ r3—6 rz}

60?2 60 22 2
{(T (60 + 1)2> -6 (? (60 +1)(2 x 60 + 1)>} - {(T 2+ 1)2> -6 (E R+1D2x2+ 1))}

{(6702 (60 + 1)2> -6 <% (60 4+ 1)(2 x 60 + 1))} - {(272 2+ 1)2> -6 (% Q2+1)@2x2+ 1))}

= {2906040} — {—21} = 2906061

Find the complex number z such that
S5iz+ 3z + 16 = 8i

Give your answer in the form a + bi, where a and b are real.

[6 marks]
z=a+bi = z'=a-—bi
S5i(a+bi)+3(a—bi)+16=8i = 5ai—5b+3a—3bi+16=28i
= @Ba-5b+16)+(Ba—-3bh)i=8i = 3a—-5b+16=0 and 5a—3b=38
13
13 8+3(7) 11
15a —25b=-80 and 15a—-9b =24 = 16b=104 = b=7 = a=T=7
11 13
= Z=—7+—71



a)

b)

A curve C has equation y = x(x + 3).

(a) Find the gradient of the line passing through the point (—5, 10) and the point on C
with x-coordinate —5 + h. Give your answer in its simplest form.

[3 marks]
(b) Show how the answer to part (a) can be used to find the gradient of the curve C at
the point (—5, 10). State the value of this gradient.
[2 marks]

x=-5+h = y=(-5+h)(-5+h+3)=(h-5)(h—-2)=h?—7h+10

(h? —7h+10) — (10) _h*—7h _

(-=5+h)—(=5)  h h=7

Gradient =

Gradient at (—5,10) = ;li_r%[Gradient between (—5,10) and (=5 + h, f(—=5 + h))| = }li_r)r(l)(h -7 =-7



1

uation y = —.
6 A curve C has eq b X+ 2)
(a) Write down the equations of all the asymptotes of C.
[2 marks]
(b) The curve C has exactly one stationary point. The x-coordinate of the stationary point
-
(i) Find the y-coordinate of the stationary point.
' [1 mark]
(i) Sketch the curve C.
[2 marks]
(c) Solve the inequality
1 1
TR 5; i
x(x+2) 8
[5 marks]
6.
a)
Vertical asymptotes occurwhenx =0orx+2=0 = x=-2
. s 1 EEET 1 EEET xiz _ L _ _
Horizontal asymptotes occur at:y = ;Lrg oy 9}1_{2} ey J!l_{g) 1_% =T 0 = y=0
b)
i
=-1 = = ! =-1
T YT T
ii.
I
| 3-
|
|
[ 21
|
I
| "
|
' o
-IB -Iﬁ -I4 -IEI -b -I“I 8] ‘!I é é-l -:'I
|
|
|
|
|
I
|
|
c)
x <=2 —-2<x<0 x>0
8<x(x+2) All values of x 8<x(x+2)

x(x+2)=8 = x?24+2x-8=0 = (x+4)(x—-2)=0 = x=-4 or x=2 (critical values)

1
—)gg = XxX<-—4 or —2<x<0 or x=>2



7 (a) Write down the 2 x 2 matrix corresponding to each of the following transformations:

(i) a reflection in the line y = —x;
[1 mark]
(ii) a stretch parallel to the y-axis of scale factor 7.
[1 mark]
(b) Hence find the matrix corresponding to the combined transformation of a reflection in
the line y = —x followed by a stretch parallel to the y-axis of scale factor 7.
[2 marks]
(c) The matrix A is defined by A = { = _\/5} .
—-v3 3
(i) Show that A? = kI, where k is a constant and I is the 2 x 2 identity matrix.
[1 mark]

(ii) Show that the matrix A corresponds to a combination of an enlargement and a
reflection. State the scale factor of the enlargement and state the equation of the line
of reflection in the form y = (tan0)x.

[5 marks]
7.
a)
i
[Z Z”;]=[:¥] = ax+by=—-y and cx+dy=-x = a=0 b=-1 c=-1 d=0
" = [—01 _01]
ii.
[Ccl ZH;]=[7J§,] = ax+by=x and cx+dy=7y = a=1 b=0 c=0 d=7

[é (7)[—01 _01]=[—07 _01]

“ % VIS VI f=nl Y-

ii.

Since A2 = 12I, A combines the reflection with an enlargement of scale factor V12 = 2V3
_¥3 1

% = l i \/§2J = [Z?r?;g —Sir(l)sgg] = 0 =-75° = Reflectionintheliney = (tan(—75°))x
2 2

Alternatives:
Since tan(—75) = tan(105): Enlargement of SF 2+/3 and reflection intan(105)

Since 12 = +2+/3, another alternative is: Enlargement of SF — 2\/3 and reflection intan(15)



8 (a) Find the general solution of the equation

—_— 5 T \;’E
sl —-x—= ) =—
4 3 2
giving your answer for x in terms of w.
[5 marks]
(b) Use your general solution to find the sum of all the solutions of the equation
5 T V’E o . . .
coS Ex =T == that lie in the interval 0 < x < 20m. Give your answer in the
form km , s'tating the exact value of %.
[4 marks]
8.
a)
(5 n) V2 5 T + T 42
—_—_ )= = ——x—-——=—=+4+—-
COS 4x 3 ) 4x 3 " nm
_4(n+n+2 )_n<4i3 8)_1t(24n+7) n(24n+1)
¥T5\3Fy M) =g AT or 15
b)
To find first solutions in the range:
0 T d 7
= - — R
" 15 "% 15
To find last solutions in the range:
w(24n + 7) 293
T<20n = 24n+7< 300 = n<ﬁ = n<1220..= n=12
And:
w(24n + 1) 299
T<20n = 24n+1<300 = n<ﬁ = n<1245..= n=12
Therefore last two solutions are:
(24(12) + 1) 4 w(24(12) + 7) 28971 4 2957
= -
15 an 15 15 15
Sum of each pair of solutions (one pair for each value of n in the range):
m(24n+ 1) N m(24n + 7) _ m(48n + 8)
15 15 B 15
Forn from 0 to 12:
487 SOy (12, ), 108 3744n 1087 3848m o 3848
15 2" " 15 ~ 15\ 2 15 15 15 15 WM ETT4g

r=0



An ellipse £ has equation

2 2
>
i _|_y_ — 1
16 9
(a) Sketch the ellipse £, showing the values of the intercepts on the coordinate axes.
[2 marks]
(b) Given that the Iiné with equation y = x + k intersects the ellipse E at two distinct
points, show that —5 <k < 5.
[5 marks]
' a
(c) The ellipse E is translated by the vector [b} to form another ellipse whose equation
is 9x2 + 16y% + 18x — 64y = ¢. Find the values of the constants a, b and c.
[5 marks]
(d) Hence find an equation for each ¢f the two tangents to the ellipse
9x2 4 16y% + 18x — 64y = ¢ that are parallel to the line y = x.
[3 marks]

x?  (x +k)?
y=x+t+k = —+ =

G 5 1 = 9x?+16(x+k)>=144 = 25x%+ 32kx + 16k?> —144 =0

Two distinct solutions = b?—4ac>0 = (32k)? —4(25)(16k? —144) >0
= 16k?—-25(k?—-9)>0 = -9k?+225>0 = k?<25 = -5<k<5

9x2+ 16y +18x— 64y =c = 9(x?+2x)+16(y>—4y)=c
= 9I((x+1D*-D+16((y—2)>—-4)=c = 9x+1?-9+16(y—2)>—-64=c

x + 1)? -2)%2 ¢+73
9(x+1)? +16(y —2)* =c+73 1), 0227

16 9 144
1 b=2 cr7s 1 71
= — = = e =
@ 144 ¢
d)
X2 y?
1_6+le is tangent to the lines y=x+5 and y=x-5

Translating these lines by vector [_21] gives tangent lines to the new ellipse:

y—-2=(x+1)+5 = y=x+8 and y-2=(x+1)-5 = y=x-2
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