
Further Maths Level 2 Exam Paper Solutions (June 2012) 
 

Paper 2 – Calculator 
 

 
 
Use the equation to identify the radius, then apply the appropriate formula for circumference.   
Recall that a circle, centred at (0,0), of radius 𝑟, is represented by the equation 𝑥2 + 𝑦2 = 𝑟2 
and that the circumference of a circle is given by 𝐶 = 2𝜋𝑟.   
 

𝑥2 + 𝑦2 = 36    ⟹     𝑟 = √36 = 6 
 

𝐶 = 2𝜋(6) = 12𝜋 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟏𝟐𝝅 
 
Note: It would also be acceptable to evaluate your answer as a decimal (ie, 37.7 to 1 d.p.).   



 
 
Differentiate the expression and simplify.   

Recall that if 𝑦 = 𝑎𝑥𝑛 then 
𝑑𝑦

𝑑𝑥
= 𝑎𝑛𝑥𝑛−1.   

 

𝑦 = 5𝑥3 − 4𝑥2     ⟹    
𝑑𝑦

𝑑𝑥
= 15𝑥2 − 8𝑥 

 

𝑨𝒏𝒔𝒘𝒆𝒓:   
𝒅𝒚

𝒅𝒙
= 𝟏𝟓𝒙𝟐 − 𝟖𝒙 

 
 

 
 
Use the coordinates to calculate the length of the horizontal and vertical sides, then apply 
Pythagoras’ theorem to calculate 𝑃𝑄.   
 

𝑃𝑄 = √(9 − 1)2 + (2 − 6)2 = √80 = 4√5 = 8.94 𝑡𝑜 3 𝑠. 𝑓. 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝑷𝑸 = 𝟖. 𝟗𝟒 𝒕𝒐 𝟑 𝒔. 𝒇. 
 



 
 
Use your knowledge of quadratic graphs to interpret the shape and position.   
Recall that, for large positive or large negative values of  𝑥, 𝑥2 becomes very large, so that a 
positive value for 𝑎 gives a ∪ shape while a negative value would give a ∩ shape.  If 𝑎 = 0, the 
graph is merely a straight line.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 
 
 

 
 
Use your knowledge of graphs and equations to identify key points of the graph.   
Recall that 𝑐 represents the 𝑦 intercept for the graph, since when 𝑥 = 0, 𝑦 = 𝑐.  Therefore it is 
necessary only to note where the curve cuts the 𝑦 axis.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 
 
 
 



 
 
Determine the nature of any solutions by identifying them on the graph.   
Recall that 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 is equivalent to finding where 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 crosses 𝑦 = 0.  
That is, where the curve cuts the 𝑥 axis.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒐𝒏𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒂𝒏𝒅 𝒐𝒏𝒆 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 
 
 

 
 
Interpret the equation graphically and use the curve to analyse the situation.   
Recall that 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = −6 is equivalent to finding where 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 crosses 𝑦 = −6.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟎 
 
 

 
 
Use the fact that a tangent line will touch at only one point on the curve, and will have the same 
gradient as the curve at that point.   
Recall that at a minimum, the gradient of a curve is 0.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒚 = −𝟑 
 
  



 
 
Use angle facts for isosceles triangles and for straight lines, justifying each statement made.   
Recall that base angles of an isosceles triangle are equal, angles in a triangle add up to 180°, and 
angles on a straight line add up to 180°.   
 

𝐴�̂�𝑃 = 𝐶�̂�𝑃 = 𝑥 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏𝑎𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑓 𝑎𝑛 𝑖𝑠𝑜𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 
 

𝐴�̂�𝐶 = 180 − 2𝑥 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑖𝑛 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑎𝑑𝑑 𝑢𝑝 𝑡𝑜 180° 
 

𝐵�̂�𝐶 = 2𝑥 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑛 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑎𝑑𝑑 𝑢𝑝 𝑡𝑜 180° 
 

𝐴�̂�𝐶 = 𝑃�̂�𝐶 = 𝐵�̂�𝐶 = 2𝑥 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏𝑎𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑓 𝑎𝑛 𝑖𝑠𝑜𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    (𝒑𝒓𝒐𝒐𝒇) 
 
 
 
 
 
 



 
 
Use the fact that triangle 𝐴𝐵𝐶 is isosceles to find the third angle in the triangle, form an 
equation, and solve for 𝑥.  
Recall that base angles of an isosceles triangle are equal, and angles in a triangle add up to 180°.   
 

𝐴�̂�𝐶 = 𝐴�̂�𝐵 = 2𝑥 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏𝑎𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑓 𝑎𝑛 𝑖𝑠𝑜𝑠𝑐𝑒𝑙𝑒𝑠 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙 
 

𝐴�̂�𝐶 + 𝐴�̂�𝐵 + 𝐵�̂�𝐶 = 2𝑥 + 2𝑥 + 𝑥 = 180 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑖𝑛 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑎𝑑𝑑 𝑢𝑝 𝑡𝑜 180° 
 

5𝑥 = 180    ⟹     𝑥 = 36° 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒙 = 𝟑𝟔° 
 
 

 
 
Multiply each term in the bracket by the term outside.   
Recall that 𝑎𝑥 × 𝑏𝑥 = 𝑎𝑏𝑥2.   
 

3𝑥(2𝑥 − 5𝑦) = 6𝑥2 − 15𝑥𝑦 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟔𝒙𝟐 − 𝟏𝟓𝒙𝒚 
 
  



 
 
Multiply each term in the first bracket by each term in the second bracket, then simplify.   
Recall that, when multiplying out two brackets with two terms in each, the result – before 
simplifying – will have four terms altogether.  Eg (𝑎 + 𝑏)(𝑐 + 𝑑) = 𝑎𝑐 + 𝑏𝑐 + 𝑎𝑑 + 𝑏𝑑.   
 

(3𝑥 + 2𝑦)(3𝑥 − 4𝑦) = 9𝑥2 + 6𝑥𝑦 − 12𝑥𝑦 − 8𝑦2 = 9𝑥2 − 6𝑥𝑦 − 8𝑦2 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟗𝒙𝟐 − 𝟔𝒙𝒚 − 𝟖𝒚𝟐 
 
Note: When multiplying different letters together, it is good practice to put them in alphabetical 
order.  This makes it easier to see when terms are the same and may be combined.   
 
 

 
 
Substitute 𝑦 = 0 into the two expressions, then cancel down as far as possible.   
Recall that, when simplifying a ratio, you can multiply or divide by any number, including 𝑥.   
 
𝑊ℎ𝑒𝑛 𝑦 = 0:    (3𝑥 + 2𝑦)(3𝑥 − 4𝑦) = (3𝑥)(3𝑥) = 9𝑥2    𝑎𝑛𝑑    3𝑥(2𝑥 − 5𝑦) = 3𝑥(2𝑥) = 6𝑥2 
 

9𝑥2: 6𝑥2     ⟶     9: 6    ⟶     3: 2 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟑: 𝟐 
 
  



 
 
Deal with upper and lower limits separately, and combine inequalities as you would equations.   
Recall that the only difference between manipulating an equation and an inequality is that if you 
multiply or divide by a negative, you must reverse the inequality sign.   
 

𝑚 ≤ 5    𝑎𝑛𝑑    𝑛 ≤ 2    ⟹     𝑚 + 𝑛 ≤ 5 + 2    ⟹     𝑚 + 𝑛 ≤ 7 
 

1 ≤ 𝑚    𝑎𝑛𝑑   − 9 ≤ 𝑛    ⟹     1 ± 9 ≤ 𝑚 + 𝑛    ⟹    −8 ≤ 𝑚 + 𝑛 
 

𝑨𝒏𝒔𝒘𝒆𝒓:   − 𝟖 ≤ 𝒎 + 𝒏 ≤ 𝟕 
 
 

 
 
Use the limits you have calculated for 𝑚 + 𝑛 and consider the effect of squaring.   
Recall that for any real number 𝑛, 𝑛2 ≥ 0.   
 

−8 ≤ 𝑚 + 𝑛 ≤ 7    ⟹     0 ≤ (𝑚 + 𝑛)2 ≤ 64 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝟎 ≤ (𝒎 + 𝒏)𝟐 ≤ 𝟔𝟒 
 
Note: Since (𝑚 + 𝑛)2 ≥ 0 for any value of 𝑚 or 𝑛, it is only necessary to determine whether 
(𝑚 + 𝑛)2 can attain this lower limit – since 𝑚 + 𝑛 can lie anywhere between −8 and 7, it is 
possible to have 𝑚 + 𝑛 = 0, therefore the lower limit can be reached.  For the upper limit, we 
need the greatest possible answer to (𝑚 + 𝑛)2, which occurs either at the lowest or the highest 
value of 𝑚 + 𝑛.  In this case, (−8)2 = 64 gives us our upper limit.   



 
 
Use knowledge of the trigonometric graphs to identify 𝑦 = sin 𝑥.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝑮𝒓𝒂𝒑𝒉 𝑪 
 
Recall that the graph of 𝑦 = sin 𝑥 from 0° to 360° crosses the 𝑥 axis at 0°, 180° and 360°, has its 
maximum at 90° and its minimum at 270°.   
  



 
 
Use knowledge of the trigonometric graphs to identify 𝑦 = cos 𝑥.   
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝑮𝒓𝒂𝒑𝒉 𝑨 
 
Recall that the graph of 𝑦 = cos 𝑥 from 0° to 360° crosses the 𝑥 axis at 90° and 270°, has its 
maximum at 0° and 360° and its minimum at 180°.   
 
 

 
 
Multiply out the bracket to free up the 𝑡 term on the right, then move it to the left hand side, 
take out 𝑡 as a common factor and divide.   
 

5𝑡 + 3 = 4𝑤𝑡 + 8𝑤 
 

5𝑡 − 4𝑤𝑡 = 8𝑤 − 3 
 

𝑡(5 − 4𝑤) = 8𝑤 − 3 
 

𝑡 =
8𝑤 − 3

5 − 4𝑤
 

 

𝑨𝒏𝒔𝒘𝒆𝒓:   𝒕 =
(𝟖𝒘 − 𝟑)

𝟓 − 𝟒𝒘
 

 
  



 
 
Use the rearranged form found in part a), and substitute in the value for 𝑤.   
Recall that fractions of fractions can be simplified by multiplying both numerator and 
denominator of the whole fraction by the denominators of the fractions within.   
 

𝑡 =
8𝑤 − 3

5 − 4𝑤
=

8 (−
1
8) − 3

5 − 4 (−
1
8)

=
−1 − 3

5 +
1
2

= −
4

11
2

= −
8

11
 

 

𝑨𝒏𝒔𝒘𝒆𝒓:   −
𝟖

𝟏𝟏
 

 
  



 
 
Identify the hypotenuse, opposite and adjacent, then select the appropriate right-angled 
trigonometry ratio to calculate the length of the missing side.   

Recall that sin 𝑥 =
𝑜𝑝𝑝

ℎ𝑦𝑝
, cos 𝑥 =

𝑎𝑑𝑗

ℎ𝑦𝑝
 and tan 𝑥 =

𝑜𝑝𝑝

𝑎𝑑𝑗
.   

 

𝑜𝑝𝑝 = 7𝑘𝑚    ℎ𝑦𝑝 = 𝑦    ⟹    sin 28 =
7

𝑦
 

 

⟹     𝑦 =
7

sin 28
= 14.9𝑘𝑚 𝑡𝑜 1 𝑑. 𝑝. 

 
𝑨𝒏𝒔𝒘𝒆𝒓:    𝟏𝟒. 𝟗𝒌𝒎 𝒕𝒐 𝟏 𝒅. 𝒑. 

  



 
 
Use the formula for the volume of a sphere, form a formula for the volume of a hemisphere and 

equate the two expressions.  Rearrange to find 
𝑦

𝑥
 and simplify.   

Recall that, for a sphere of radius 𝑟, the volume is given by 𝑉 =
4

3
𝜋𝑟3.  Note that this formula is 

provided on the formula sheet at the start of the exam paper.   
 

4

3
𝜋𝑥3 =

2

3
𝜋𝑦3 

 
4𝜋𝑥3 = 2𝜋𝑦3 

 
2𝑥3 = 𝑦3 

 
𝑦

𝑥
= √2

3
= 2

1
3 

 

𝑨𝒏𝒔𝒘𝒆𝒓:   
𝒚

𝒙
= 𝟐

𝟏
𝟑 

 
  



 
 
Rewrite as three brackets, then multiply one pair first to generate a quadratic.  Finally, multiply 
each term of the quadratic by each term in the third bracket and simplify.   
Recall that every single term must be multiplied by every other term, and because the linear 
expression is raised to the power 3 the result will be a cubic polynomial.   
 

(𝑡 + 4)3 = (𝑡 + 4)(𝑡 + 4)(𝑡 + 4) = (𝑡 + 4)(𝑡2 + 4𝑡 + 4𝑡 + 16) = (𝑡 + 4)(𝑡2 + 8𝑡 + 16) 
 

= 𝑡3 + 8𝑡2 + 16𝑡 + 4𝑡2 + 32𝑡 + 64 = 𝑡3 + 12𝑡2 + 48𝑡 + 64 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒕𝟑 + 𝟏𝟐𝒕𝟐 + 𝟒𝟖𝒕 + 𝟔𝟒 
  



 
 
Use the cosine rule, substitute in the lengths and solve for 𝑥.   
Recall that if three sides are known, any angle can be found using 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴.  
Note that this formula is provided on the formula sheet at the start of the exam paper.   
Recall that if two sides and the angle in between are known, the third side can be calculated also 
using the cosine rule.  If a side and the angle opposite are known, the sine rule can be used.   
 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 
 

202 = 92 + 162 − 2 × 9 × 16 × cos 𝑥 
 

400 = 337 − 288 cos 𝑥 
 

−
63

288
= cos 𝑥 

 

𝑥 = cos−1 −
63

288
= 102.6° 𝑡𝑜 1 𝑑. 𝑝. 

 
𝑨𝒏𝒔𝒘𝒆𝒓:    𝒙 = 𝟏𝟎𝟐. 𝟔° 𝒕𝒐 𝟏 𝒅. 𝒑. 

 
  



 
 
Use the symmetry of A and B to identify the 𝑥 coordinate of the centre of the circle, then apply 
Pythagoras’ theorem, using the information that the radius is 5, to find the 𝑦 coordinate.  Finally, 
substitute these values into the general formula for a circle.   
Recall that a circle with radius 𝑟 and centre (𝑎, 𝑏) is described by 𝑦 = (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑟2.   
 

𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝐵:   (
−2 + 6

2
,
8 + 8

2
) = (2,8)     ⟹     𝑥 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 = 2 

 
𝑅𝑎𝑑𝑖𝑢𝑠 = 5 𝑎𝑛𝑑 𝑥 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑖𝑐𝑙𝑒    ⟹     𝑦 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 = 5 

 

𝑨𝒏𝒔𝒘𝒆𝒓:    (𝒙 − 𝟐)𝟐 + (𝒚 − 𝟓)𝟐 = 𝟐𝟓 
  



 
 
Substitute in 𝑥2 to find 𝑓(𝑥2), then equate to 43, rearrange to form a quadratic, and solve.   
Recall that any quadratic equation with no 𝑥 term can be factorised using the difference of two 
squares or solved directly by rearrangement.   
 

𝑓(𝑥2) = 3(𝑥2) − 5    ⟹     3𝑥2 − 5 = 43    ⟹     3𝑥2 = 48    ⟹     𝑥2 = 16    ⟹     𝑥 = ±4 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒙 = ±𝟒 
 
  



 
 
Use the information given to determine key points of the graph, find the equation of the line 
from 0 to 4, then use symmetry to determine the gradient for the line from 4 to 8, and use the 
given coordinates to deduce the equation of the line.   
Recall that a line with gradient 𝑚 passing through (𝑥1, 𝑦1) is given by: 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1).   
 

𝐹𝑖𝑟𝑠𝑡 𝑙𝑖𝑛𝑒 𝑠𝑡𝑎𝑟𝑡𝑠 𝑎𝑡 (0,0) 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑔(𝑥) 𝑖𝑠 0 ≤ 𝑔(𝑥) ≤ 12    ⟹     𝑎𝑝𝑒𝑥 = (4,12) 
 

⟹     𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑓𝑖𝑟𝑠𝑡 𝑙𝑖𝑛𝑒:    𝑚1 =
12

4
= 3    ⟹     𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑖𝑟𝑠𝑡 𝑙𝑖𝑛𝑒:    𝑦 = 3𝑥 

 
𝑆𝑒𝑐𝑜𝑛𝑑 𝑙𝑖𝑛𝑒 𝑠ℎ𝑎𝑟𝑒𝑠 𝑝𝑜𝑖𝑛𝑡 (4,12) 𝑎𝑛𝑑 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 ℎ𝑎𝑠 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑚2 = −3 

 
⟹     𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑒𝑐𝑜𝑛𝑑 𝑙𝑖𝑛𝑒:    𝑦 − 12 = −3(𝑥 − 4)   𝑜𝑟    𝑦 = −3𝑥 + 24 

 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒈(𝒙) = {
𝟑𝒙 𝟎 ≤ 𝒙 ≤ 𝟒

−𝟑𝒙 + 𝟐𝟒 𝟒 < 𝑥 ≤ 8
} 



 
 
Apply the factor theorem separately with each of the brackets by substituting in the appropriate 
value for 𝑥 and showing that the result is 0.   
Recall that the factor theorem states that if (𝑥 − 𝑎) is a factor, 𝑎 is a root, and if 𝑎 is a root (that 
is, 𝑓(𝑎) = 0) then (𝑥 − 𝑎) is a factor.   
 

𝑓(1) = 1 − 21 + 20 = 0    ⟹     (𝑥 − 1) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 
 

𝑓(4) = 43 − 21(4) + 20 = 64 − 84 + 20 = 0    ⟹     (𝑥 − 4) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 
 

𝑨𝒏𝒔𝒘𝒆𝒓:   (𝒑𝒓𝒐𝒐𝒇) 
 
 

 
 
Apply the factor theorem as above, making sure to demonstrate clearly that the result is 0.   
 

𝑓(1) = 13 − 10(12) + 29(1) − 20 = 1 − 10 + 29 − 20 = 0    ⟹     (𝑥 − 1) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 
 

𝑓(4) = 43 − 10(42) + 29(4) − 20 = 64 − 160 + 116 − 20 = 0    ⟹     (𝑥 − 4) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    (𝒑𝒓𝒐𝒐𝒇) 
 
  



 
 
Use the factors found in parts a) and b) to fully factorise the numerator and denominator, then 
simplify by dividing top and bottom by any common factors.   
Recall that additional factors can be found by using inspection (see below).   
 

𝑥3 − 21𝑥 + 20 = (𝑥 − 1)(𝑥 − 4)(… ) = (𝑥2 − 5𝑥 + 4)(… ) 
 

𝑇𝑜 𝑝𝑟𝑜𝑑𝑢𝑐𝑒 𝑎𝑛 𝑥3 𝑡𝑒𝑟𝑚 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑏𝑟𝑎𝑐𝑘𝑒𝑡, 𝑎𝑛𝑑 𝑡𝑜 𝑝𝑟𝑜𝑑𝑢𝑐𝑒 20 𝑤𝑒 𝑛𝑒𝑒𝑑 5 
 

𝑥3 − 21𝑥 + 20 = (𝑥2 − 5𝑥 + 4)(𝑥 + 5) 
𝑁𝑜𝑡𝑒: 𝑤𝑒 𝑐𝑎𝑛 𝑣𝑒𝑟𝑖𝑓𝑦 𝑡ℎ𝑖𝑠 𝑏𝑦 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑜𝑢𝑡 𝑡ℎ𝑒 𝑏𝑟𝑎𝑐𝑘𝑒𝑡𝑠 𝑖𝑓 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦 

 
𝑥3 − 10𝑥2 + 29𝑥 − 20 = (𝑥 − 1)(𝑥 − 4)(… ) = (𝑥2 − 5𝑥 + 4)(… ) 

 
𝑇𝑜 𝑝𝑟𝑜𝑑𝑢𝑐𝑒 𝑎𝑛 𝑥3 𝑡𝑒𝑟𝑚 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑏𝑟𝑎𝑘𝑒𝑡, 𝑎𝑛𝑑 𝑡𝑜 𝑝𝑟𝑜𝑑𝑢𝑐𝑒 − 20 𝑤𝑒 𝑛𝑒𝑒𝑑 − 5 

 
𝑥3 − 10𝑥2 + 29𝑥 + 20 = (𝑥2 − 5𝑥 + 4)(𝑥 − 5) 

 
𝑥3 − 21𝑥 + 20

𝑥3 − 10𝑥2 + 29𝑥 + 20
=

(𝑥 − 1)(𝑥 − 4)(𝑥 + 5)

(𝑥 − 1)(𝑥 − 4)(𝑥 − 5)
=

𝑥 + 5

𝑥 − 5
 

 

𝑨𝒏𝒔𝒘𝒆𝒓:    
𝒙 + 𝟓

𝒙 − 𝟓
 



 
 
Use the information given to more fully label the diagram, 
then find the area of the three non-shaded triangles.  
Subtract from the total for the square to find the shaded 
area and hence 𝑘.   
 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝐴𝐷𝐹 + 𝐴𝐵𝐸 + 𝐸𝐶𝐹 = 2𝑥2 + 4𝑥2 + 3𝑥2 = 9𝑥2 
 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝐴𝐵𝐶𝐷 = 16𝑥2 
 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝐴𝐸𝐹 = 16𝑥2 − 9𝑥2 = 7𝑥2 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒌 = 𝟕  
 
 



 
 
Multiply out the left hand side and compare coefficients of 𝑥 and the constants.   
Recall that, since the left hand side is in completed square form, some careful inspection would 
be sufficient to determine the value of 𝑏 and hence the value of 𝑎.   
 

(𝑥 − 5)2 + 𝑎 = 𝑥2 − 10𝑥 + 25 + 𝑎    ⟹     𝑥2 − 10𝑥 + 25 + 𝑎 ≡ 𝑥2 + 𝑏𝑥 + 28 
 

⟹    −10 = 𝑏    𝑎𝑛𝑑    25 + 𝑎 = 28    𝑠𝑜    𝑎 = 3 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒂 = 𝟑    𝒃 = −𝟏𝟎 
 
  



 
 
Rearrange the linear equation and substitute 𝑥 into the quadratic equation.  Solve this quadratic 
equation, then substitute back into the linear equation to find the other unknown.   
Recall that a quadratic can be solved either by factorising (if possible), completing the square or 

applying the formula 𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
.   

𝑥 + 𝑦 = 4    ⟹     𝑥 = 4 − 𝑦 
 

𝑦2 = 4𝑥 + 5    ⟹     𝑦2 = 4(4 − 𝑦) + 5 = 16 − 4𝑦 + 5 = 21 − 4𝑦 
 

⟹     𝑦2 + 4𝑦 − 21 = 0    ⟹     (𝑦 + 7)(𝑦 − 3) = 0    ⟹     𝑦 = −7    𝑜𝑟    𝑦 = 3 
 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑖𝑛𝑡𝑜 𝑥 + 𝑦 = 4    ⟹     𝑓𝑜𝑟 𝑦 = −7    𝑥 = 11    𝑎𝑛𝑑 𝑓𝑜𝑟 𝑦 = 3    𝑥 = 1 
 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒙 = 𝟏, 𝒚 = 𝟑    𝒂𝒏𝒅    𝒙 = 𝟏𝟏, 𝒚 = −𝟕 
 

 
 
Differentiate the function and determine when this expression is positive.   

Recall that a function is increasing whenever 
𝑑𝑦

𝑑𝑥
> 0.  Recall that to solve a quadratic inequality it 

is necessary to determine critical points and consider the regions either side and between.   
 

𝑑𝑦

𝑑𝑥
= 150 − 6𝑥2 > 0    ⟹     25 − 𝑥2 > 0    ⟹     𝑥2 < 25    ⟹    −5 < 𝑥 < 5 

 
𝑨𝒏𝒔𝒘𝒆𝒓:   − 𝟓 < 𝒙 < 𝟓 

  



 
 
Solve 2𝑦 = 11𝑥 − 7 and 𝑥 + 3𝑦 = 0 simultaneously to find the coordinates of 𝐴, then solve 
2𝑦 = 11𝑥 − 7 and 𝑦 = 2𝑥 simultaneously to find the coordinates of 𝐵.  Finally, use Pythagoras’ 
theorem to determine the two lengths in question.   

Recall that the distance between (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is given by √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2.   



𝑥 + 3𝑦 = 0    ⟹     𝑥 = −3𝑦 
 

2𝑦 = 11𝑥 − 7    ⟹     2𝑦 = 11(−3𝑦) − 7    ⟹     2𝑦 = −33𝑦 − 7    ⟹     35𝑦 = −7 
 

⟹     𝑦 = −
1

5
    ⟹     𝑥 = −3 (−

1

5
) =

3

5
    ⟹     𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐴:    (

3

5
, −

1

5
) 

 
𝑦 = 2𝑥    𝑎𝑛𝑑    2𝑦 = 11𝑥 − 7    ⟹     2(2𝑥) = 11𝑥 − 7    ⟹     7 = 7𝑥 

 
⟹     𝑥 = 1    ⟹     𝑦 = 2    ⟹     𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐵:    (1,2) 

 

𝑂𝐵 = √12 + 22 = √5 
 

𝐴𝐵 = √(1 −
3

5
)

2

+ (2 +
1

5
)

2

= √(
2

5
)

2

+ (
11

5
)

2

= √
125

25
= √5 

 
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑂𝐵 = 𝐴𝐵 

 
𝑨𝒏𝒔𝒘𝒆𝒓:    (𝒑𝒓𝒐𝒐𝒇) 

 
 
  



 
 
Apply the first matrix followed by the second matrix, to a point 𝑃 using (𝑥, 𝑦), and hence find the 
point 𝑅 in terms of 𝑥 and 𝑦.  Solve the resulting equations to find 𝑥 and 𝑦.   
Recall that, to apply a 2 by 2 matrix to a point (or to multiply a 2 by 2 vector by a 2 by 1 vector), 

follow the rule [
𝑎 𝑏
𝑐 𝑑

] [
𝑥
𝑦] = [

𝑎𝑥 + 𝑏𝑦
𝑐𝑥 + 𝑑𝑦

].   

 

𝑃 = [
𝑥
𝑦]     ⟹     𝑄 = [

0 −1
−1 0

] [
𝑥
𝑦] = [

−𝑦
−𝑥

] 

 

𝑄 = [
−𝑦
−𝑥

]     ⟹     𝑅 = [
1 0
0 −1

] [
−𝑦
−𝑥

] = [
−𝑦
𝑥

] 

 

𝑅 = [
−4
3

]     ⟹     [
−𝑦
𝑥

] = [
−4
3

]     ⟹     𝑦 = 4    𝑎𝑛𝑑    𝑥 = 3 

 
𝑨𝒏𝒔𝒘𝒆𝒓:    (𝟑, 𝟒) 

 
Alternative method – combining the transformation matrices first: 
 

𝑃 = [
𝑥
𝑦]     ⟹     𝑅 = [

1 0
0 −1

] [
0 −1

−1 0
] [

𝑥
𝑦] = [

0 −1
1 0

] [
𝑥
𝑦] = [

−𝑦
𝑥

] 

 

[
−𝑦
𝑥

] = [
−4
3

]     ⟹     𝑦 = 4    𝑎𝑛𝑑    𝑥 = 3 

 
𝑨𝒏𝒔𝒘𝒆𝒓:    (𝟑, 𝟒) 

 
Recall that two 2 by 2 matrices can be multiplied using the following rule: 

[
𝑎 𝑏
𝑐 𝑑

] [
𝑤 𝑥
𝑦 𝑧] = [

𝑎𝑤 + 𝑏𝑦 𝑎𝑥 + 𝑏𝑧
𝑐𝑤 + 𝑑𝑦 𝑐𝑥 + 𝑑𝑧

] 

  



 
 
Expand the brackets, differentiate a second time and substitute in the values of 𝑥 for the two 

points.  Use the values of 
𝑑2𝑦

𝑑𝑥2
 to determine the nature of the stationary points.   

Recall that at a minimum  
𝑑2𝑦

𝑑𝑥2
> 0, at a maximum 

𝑑2𝑦

𝑑𝑥2
< 0 and at a point of inflection 

𝑑2𝑦

𝑑𝑥2
= 0, 

although this is not sufficient to prove a point of inflection.   
 

𝑑𝑦

𝑑𝑥
= −𝑥(𝑥 − 2)2 = −𝑥(𝑥2 − 4𝑥 + 4) = −𝑥3 + 4𝑥2 − 4𝑥 

 
𝑑2𝑦

𝑑𝑥2
= −3𝑥2 + 8𝑥 − 4    𝐴𝑡 𝑥 = 0   

𝑑2𝑦

𝑑𝑥2
= −4 < 0    ⟹     𝑀𝑎𝑥𝑖𝑚𝑢𝑚 

 

𝐴𝑡 𝑥 = 2   
𝑑2𝑦

𝑑𝑥2
= −3(22) + 8(2) − 4 = 0 

 

𝐴𝑡 𝑥 = 1   
𝑑𝑦

𝑑𝑥
= −1(1 − 2)2 = −1    𝐴𝑡 𝑥 = 3   

𝑑𝑦

𝑑𝑥
= −3(3 − 2)2 = −3 

 
𝑑2𝑦

𝑑𝑥2
= 0    𝑎𝑛𝑑   

𝑑𝑦

𝑑𝑥
< 0    𝑒𝑖𝑡ℎ𝑒𝑟 𝑠𝑖𝑑𝑒    ⟹     𝑃𝑜𝑖𝑛𝑡 𝑜𝑓 𝐼𝑛𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 

 

𝑨𝒏𝒔𝒘𝒆𝒓:    𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒂𝒕 (𝟎,
𝟒

𝟑
)     𝒂𝒏𝒅    𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒂𝒕 (𝟐, 𝟎) 

 
Note: provided the gradient is the same either side of a 
stationary point, it will be a point of inflection.   
 
Opposite is the graph of the function in question – note the 

maximum at (0,
4

3
) at the point of inflection at (0,2).   
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